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Spherical-Oblate Shape Coexistence in 94Zr and the SPIDER Coulomb-Excitation Campaign at LNLINFN
▸ Inelastic scattering between two interacting nuclei, in the “purely” electromagnetic regime 

▸ The time-dependent electromagnetic field between the two nuclei can induce excitations 

▸ The nuclei then de-excite; in Coulex 
we are mostly interested in γ-ray 
emission

Low-Energy Coulomb Excitation (aka Coulex)

▸ Example: first 2+ state in an even-even target nucleus
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Spherical-Oblate Shape Coexistence in 94Zr and the SPIDER Coulomb-Excitation Campaign at LNLINFN Quadrupole Sum Rules & Rotational Invariants
▸ Unique feature of Coulex ⟹ Possible to get relative signs of transitional matrix elements, together with spectroscopic 

quadrupole moments of short-living excited states with their sign 

▸ Quadrupole Sum Rules ⟹ (β, γ) deformation parameters for g.s. and excited states in a model-independent way
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Quadrupole Sum Rules & Rotational Invariants
▸ Unique feature of Coulex ⟹ Possible to get relative signs of transitional matrix elements, and spectroscopic quadrupole 

moments of excited states with their sign 

▸ Quadrupole Sum Rules ⟹ (β, γ) deformation parameters for g.s. and excited states in a model-independent way
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The parameters for Au are fixed to an oblate shape with β2Au = 0.14 and 
γAu = 45° (ref. 34), whereas those for U are varied. The model also con-
siders final state effects by adjusting QGP viscosities and initial condi-
tion uncertainties, including variations in nuclear radius R0, skin a, β2Au, 
γAu and higher-order shapes (Extended Data Table 1). These variations 
are included in the model uncertainties. The mass numbers of Au and 
U, differing by only 20%, result in almost completely cancelling final 
state effects, leaving model uncertainties mainly from initial condi-
tions. In Fig. 3a–c, calculations for β2U = 0.28 match central data for 
R δp( )T

2  and Rv δp2
2

T
, but overestimate Rv 2

2 in 0–30% centrality. This  
overestimation stems from the limitations of the model in describing 
ε2

rp-induced v2 components, which are strongly affected by variations 
in the impact parameter and other structural parameters such as 
nuclear radius and skin45 and possible longitudinal flow decorrela-
tions46. Thus, the Rv 2

2 comparison is expected to set only a lower bound 
for β2U in this model.

In Fig. 3d–f, we contrast the 0–5% central data against predictions 
for varying β2U and γU. Calculated Rv 2

2 and R δp( )T
2 change linearly with 

β2U
2 , whereas Rv δp2

2
T

 follows a β γcos(3 )2U
3

U  trend, aligning remarkably 
with equation (2). The intersections between data and model delineate 
preferred β2U ranges, yielding β R( ) = 0.294 ± 0.021δp2U ( )T

2  and a lower 
limit value β R( ) = 0.234 ± 0.014v2U 2

2 . For Rv δp2
2

T
, the favoured β2U range 

varies with γU. These preferred ranges are shown in Fig. 3g. A combined 
analysis of constraints from R δp( )T

2 and Rv δp2
2

T
 is performed, yielding 

β2U = 0.297 ± 0.015 and γU = 8.5° ± 4.8° (mean and 1 standard deviation, 
see Methods).

The data are also compared with Trajectum22, another hydrodynamic 
model with a different implementation of the initial condition and QGP 
evolution. Trajectum derives constraints on the initial and final state 
parameters of the QGP based on a Bayesian analysis of the LHC data that 
are then extrapolated to the RHIC energies. These constraints were not 
tuned to the RHIC data but are nevertheless useful in estimating the the-
oretical uncertainties. The relevant constraints are β2U = 0.275 ± 0.017 
and γU = 15.5° ± 7.8°. A combination of constraints from the two models 
yields β2U = 0.286 ± 0.025 and γU = 8.7° ± 4.5° (Methods).

The extracted β2U value is in line with low-energy estimates35, imply-
ing other sources of nucleon, quark and gluon correlations in 238U are 
less impactful compared with its large deformation, as supported by 
recent model studies23. Meanwhile, the small γU value excludes a large 
triaxiality of uranium and indicates an average value remarkably con-
sistent with the low-energy estimate based on a similar rigid-rotor 
assumption. This marks the first extraction of nuclear ground-state 
triaxiality without involving transitions to excited states.

Applications
The flow-assisted nuclear shape imaging is a promising tool for explor-
ing the structure of atomic nuclei in their ground state. The strength 
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Fig. 3 | Constraining the shape of 238U. a–c, Ratios of v# $2
2  (a), δp#( ) $T

2  (b) and 
v δp# $2

2
T  (c) between U + U and Au + Au collisions as a function of centrality.  

The data are compared with the IP-Glasma + MUSIC hydrodynamic model 
calculation assuming β2U = 0.28 (red) and β2U = 0.25 (blue), the shaded bands  
of which denote the model uncertainties (Methods). d–f, Ratio values in 0–5% 
most central collisions (hatch bands) for v# $2

2  (d), δp#( ) $T
2  (e) and v δp# $2

2
T  (f) are 

compared with model calculations as a function of β2U
2  or β2U

3  for four γU values. 
The coloured quadrilaterals delineate the allowed ranges of β2U

2  or β2U
3  from  

this data-model comparison. g, The constrained ranges of (β2U,γU) from three 
observables separately, and the confidence contours obtained by combining 

δp#( ) $T
2  and v δp# $2

2
T  (solid lines). The constraint from R v2

2 is viewed as a lower 
limit and hence is not used (see main text).
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Abstract

Atomic nuclei are self-organized, many-body quantum systems bound by strong nuclear

forces within femtometre-scale space. These complex systems manifest a variety of

shapes , traditionally explored using non-invasive spectroscopic techniques at low

energies . However, at these energies, their instantaneous shapes are obscured by long-

timescale quantum fluctuations, making direct observation challenging. Here we introduce

the collective-flow-assisted nuclear shape-imaging method, which images the nuclear global

shape by colliding them at ultrarelativistic speeds and analysing the collective response of

outgoing debris. This technique captures a collision-specific snapshot of the spatial matter

distribution within the nuclei, which, through the hydrodynamic expansion, imprints

patterns on the particle momentum distribution observed in detectors . We benchmark this

method in collisions of ground-state uranium-238 nuclei, known for their elongated, axial-

symmetric shape. Our findings show a large deformation with a slight deviation from axial

symmetry in the nuclear ground state, aligning broadly with previous low-energy

experiments. This approach offers a new method for imaging nuclear shapes, enhances our

understanding of the initial conditions in high-energy collisions and addresses the important

issue of nuclear structure evolution across energy scales.

Similar content being viewed by others

Main

More than 99.9% of the visible matter in the cosmos resides in the centre of atoms—the

atomic nuclei composed of nucleons (protons and neutrons). Our knowledge of their global

structure primarily comes from spectroscopic or scattering experiments  at beam

energies below hundreds of MeV per nucleon. These studies show that most nuclei are

ellipsoidally deformed, with greater deformation in nuclei distant from magic numbers  (2, 8,

20, 28, 50, 82 and 126). Investigating nuclear shape across the Segrè chart has been an

important area of research over many decades and is crucial for topics such as

nucleosynthesis , nuclear fission  and neutrinoless double beta decay (0νββ) (ref.  ).

In a collective model picture, the ellipsoidal shape of a nucleus with mass number A is defined

in the intrinsic (body-fixed) frame, in which its surface R(θ, ϕ) is described by

Here R  ≈ 1.2A  fm represents the nuclear radius. The spherical harmonics in the real basis

Y (θ, ϕ), the quadrupole deformation magnitude β  and the triaxiality parameter γ define

the nuclear shape. The γ parameter, spanning 0°–60°, controls the ratios of principal radii.

Specifically, γ = 0° corresponds to a prolate shape, γ = 60° an oblate shape, and values in

between 0° < γ < 60° to a triaxial shape. Although most nuclei are axially symmetric (prolate

or oblate) or have a fluctuating γ value (γ-soft), the rigid triaxial shape is uncommon . An

example of an axial-symmetric, prolate-deformed nucleus is shown in Fig. 1a.

Fig. 1: Methods for determining the nuclear shape in low and high energies.

a, Cartoon of a well-deformed prolate-shaped nucleus. b, Quantum fluctuations over Euler angles for

this nucleus and associated overall timescale. c, Quantum mechanical manifestation of the

deformation in terms of the first rotational band of U. d, Aligning the two nuclei in the head-on

body–body configuration (top) and tip–tip configuration (bottom). e, High-energy collision of two

Lorentz-contracted nuclei and resulting 3D profile of the initially produced quark–gluon plasma

(QGP), in which the arrows indicate the pressure gradients. f, The 3D profile of the QGP at the end of

the hydrodynamic expansion before it freezes out into particles, in which the arrows indicate the

velocities of fluid cells. g, Charged particle tracks measured in the detector. The timescales shown are

in units of fm/c—the time for light to travel 1 femtometre. The body–body configuration has large

eccentricity ε  and small gradient d , leading to large elliptic flow v  and smaller average transverse

momentum [p ] and vice versa for tip–tip configuration (see main text).

Full size image

Nuclear shapes, even in ground states, are not fixed. They exhibit zero-point quantum

fluctuations involving various collective and nucleonic degrees of freedom (DOF) at different

timescales. These fluctuations superimpose on each other in the laboratory frame. In well-

deformed nuclei such as U, dominant fluctuations are in the rotational DOF with a

timescale of τ  ~ I/ħ ~ 10 –10  fm/c (1 fm/c = 3 × 10  s = 3 yoctoseconds) , where I denotes

the moment of inertia (Fig. 1b). Consequently, measurement processes in spectroscopic

methods, lasting orders of magnitude longer than τ , capture a coherent superposition of

wavefunctions in all orientations. Their shapes are usually inferred by comparing

spectroscopic data (Fig. 1c) with model calculations . Traditional electron–nucleus

scattering experiments, although faster than τ , probe mainly localized regions of the

nucleus, giving an orientation-averaged spherical image after accumulating many events, in

which the impact of deformation manifests as a broadening of the charge distribution .

New shape-imaging method

To directly observe the global shape of the nuclei, a measurement must (1) be much quicker

than τ  and (2) provide access to the many-body nucleon distribution in each nucleus. High-

energy nuclear collisions, an utterly destructive process, remarkably fulfil these criteria.

Conducted at the Relativistic Heavy-Ion Collider (RHIC) and the Large Hadron Collider (LHC)

with centre-of-mass energies per nucleon pair (√s ) reaching up to 5,000 GeV, these

collisions completely obliterate the nuclei, temporarily forming a quark–gluon plasma (QGP)

—a hot, dense matter of interacting quarks and gluons . The nuclear shape influences the

geometry of QGP and its collective expansion, imprinting itself on the momentum

distribution of the produced particles. In an ironic twist, this effectively realizes Richard

Feynman’s analogy of the seemingly impossible task of ‘figuring out a pocket watch by

smashing two together and observing the flying debris’. The collective response plays a key

part.

Our shape-imaging technique focuses on head-on (near-zero impact parameter) collisions of

prolate-deformed nuclei (Fig. 1d–g). The initial configurations lie between two extremes:

body–body (top) and tip–tip (bottom) collisions (Fig. 1d). Before impact, Lorentz contraction

flattens the ground-state nuclei into pancake-like shapes by a factor of \(\Gamma =\frac{1}

{2}\sqrt{{s}_{{\rm{NN}}}}/{m}_{0} > 100\), where m  ≈ 0.94 GeV is the nucleon mass (Fig. 1e).

The initial impact, lasting τ  = 2R /Γ ≲ 0.1 fm/c, acts as an exposure time. The shape and

size of the overlap region, reflecting the initially produced QGP, directly mirror those of the

colliding nuclei projected on the transverse (xy) plane (Fig. 1e). Body–body collisions create a

larger, elongated QGP, which undergoes pressure-gradient-driven expansion (indicated by

arrows) until about 10 fm/c (ref.  ), resulting in an inverted, asymmetric distribution (Fig. 1f).

By contrast, tip–tip collisions form a compact, circular QGP, driving a more rapid but

symmetric expansion (Fig. 1f). In the final stage, the QGP freezes into thousands of particles,

captured as tracks in detectors, whose angular distributions reflect the initial QGP shape (Fig.

1g). This flow-assisted imaging is similar to the Coulomb explosion imaging in molecule

structure analysis , in which the spatial arrangement of atoms, ionized by an X-ray

laser or through a passage in thin foils, is deduced from their mutual Coulomb-repulsion-

driven expansion. However, the expansion duration in high-energy collisions is 10 –10  times

shorter.

The concept that the dynamics of QGP can be used to image the geometrical properties of its

initial condition was widely recognized. This understanding has facilitated the determination

of the impact parameter and fluctuations in nucleon positions , as well as the neutron skin of

the colliding nuclei , by measuring higher-order harmonic flows. However, our study took a

further step to image the shape of the colliding nuclei through their impact on the initial

condition.

Energy evolution of shapes

A pertinent question is how the shapes observed in high-energy colliders compare with those

derived from low-energy experiments. For well-deformed nuclei such as U, we expect them

to align at a basic level. However, there are other correlations (such as clustering and short-

range correlations) that manifest at increasingly faster timescales from 1,000 to a few fm/c.

Moreover, high-energy collisions also probe nuclear structure at sub-nucleonic levels, such as

quark and gluon correlations, as well as modifications caused by dense gluon fields . As a

result, the deformations observed at high energy may differ from those at low energy,

motivating us to examine nuclear phenomena across energy scales and discover new

phenomena.

Observables

In Fig. 1e, the initial shape of QGP is quantified by the eccentricity, \({\varepsilon

}_{2}=\frac{\langle {y}^{2}\rangle -\langle {x}^{2}\rangle }{\langle {y}^{2}\rangle +\langle

{x}^{2}\rangle }\), calculated from the nucleon distribution in the xy-plane, perpendicular to

the beam direction. The hydrodynamic expansion, reacting to ε , results in particle

anisotropy, described as \({\rm{d}}N/{\rm{d}}\phi \,\propto \,1+2{v}_{2}\cos (2\phi )\) aligned

with the impact parameter along the x-axis. This phenomenon, known as elliptic flow (v ) (ref. 

), is shown in Fig. 1g. Moreover, the compactness of the QGP, indicated by the inverse area of

the overlap \({d}_{\perp }\propto 1/\sqrt{\langle {x}^{2}\rangle \langle {y}^{2}\rangle }\) (ref. 

), influences the radial expansion or radial flow, captured in the event-wise average

transverse momentum ([p ]). A key discovery at RHIC was the behaviour of QGP as a nearly

perfect, inviscid fluid , effectively transforming initial geometry into final state

anisotropies. Hydrodynamic models have confirmed linear response relations: v  ∝ ε  (ref.  )

and δp  ∝ δd  (ref.  ), where \(\delta {p}_{{\rm{T}}}=[{p}_{{\rm{T}}}]-\langle

[{p}_{{\rm{T}}}]\rangle \) and \(\delta {d}_{\perp }={d}_{\perp }-\langle {d}_{\perp }\rangle \)

denote event-wise deviations from mean values.

In head-on collisions with spherical nuclei, non-zero ε  and δd  can be generated by the

random fluctuations in the position of nucleons in the overlap region. In non-head-on

collisions, apart from these stochastic elements, the overlap region also has an average

elliptical shape. This average shape significantly contributes to ε , known as reaction plane

eccentricity \({\varepsilon }_{2}^{{\rm{rp}}}\) (ref.  ) but has little effect on the radial

quantity δd .

Prolate deformation further modifies ε  and d . Body–body collisions in this context yield

high ε  and low d  values and vice versa for tip–tip collisions. This leads to enhanced, anti-

correlated event-by-event fluctuations in ε  and d  (ref.  ), measurable through observables

such as \(\langle {v}_{2}^{2}\rangle \), \(\langle {(\delta {p}_{{\rm{T}}})}^{2}\rangle \) and \

(\langle {v}_{2}^{2}\delta {p}_{{\rm{T}}}\rangle \) (ref.  ) that are linearly related to the

moments of the initial condition \(\langle {\varepsilon }_{2}^{2}\rangle \), \(\langle {(\delta

{d}_{\perp })}^{2}\rangle \) and \(\langle {\varepsilon }_{2}^{2}\delta {d}_{\perp }\rangle \).

These observables, linked to two- and three-body nucleon distributions in the intrinsic frame

(Methods), were found to have a simple parametric dependence on shape parameters :

The positive coefficients a  and b  capture the collision geometry and QGP properties. The b

values are nearly independent of the impact parameter, whereas a  values are minimized in

head-on collisions, making these collisions ideal for constraining nuclear shape. Our study

offers the first quantitative and simultaneous determination of β  and γ using all three

observables in equation (2).

Nuclear shapes from low-energy data

Our measurements use data from high-energy U +  U and Au +  Au collisions. These

species have contrasting shapes: mildly oblate Au (close to magic numbers with Z = 79

protons and N = 118 neutrons) and highly prolate U (an open shell nucleus with 92 protons

and 146 neutrons). This comparison helps us to deduce the shape of U. A state-of-the-art

beyond the mean-field model, which reproduces the bulk of experimental data on Au,

predicts deformation values of β  ≈ 0.12–0.14 and γ  ≈ 43° (ref.  ). The deformation of

U, inferred from measured transition rates within rotational spectra, is estimated to be β  

= 0.287 ± 0.007 (ref.  ).

Experimental estimates of the Uranium triaxiality have been derived from energy levels and

transition data under a rigid-rotor assumption, suggesting γ  = 6°–8° (ref.  ). An important

issue concerns the softness of γ: whether the nuclei have rigid triaxial shape or fluctuations of

γ around its mean value . This issue is complicated by possible changes of γ when nuclei are

excited . Our three-body observable \(\langle {v}_{2}^{2}\delta {p}_{{\rm{T}}}\rangle \) in

equation (2) is sensitive only to the mean of the triaxiality, not its fluctuations .

Nevertheless, measuring β  and γ  could validate our imaging method and investigate its

ground-state triaxiality.

Experimental setup and results

Our analysis uses U + U data from 2012 and Au + Au data from 2010 and 2011 at √s  = 193 GeV

and 200 GeV, respectively, using the STAR detector at RHIC. Each collision produces up to

2,000 charged particles in the STAR time-projection chamber (TPC) , covering the polar

angle range ∣θ − 90°∣ ≲ 50° and full ϕ range. The TPC tracks these particles and determines

their p . Collision events are categorized by centrality, defined as the percentage of the total

inelastic cross-section, with lower percentages indicating a larger number of created

particles. We calculate \(\langle {v}_{2}^{2}\rangle \), \(\langle {(\delta

{p}_{{\rm{T}}})}^{2}\rangle \) and \(\langle {v}_{2}^{2}\delta {p}_{{\rm{T}}}\rangle \) by

established methods  using tracks in 0.2 < p  < 3 GeV/c. The results incorporate the

uncertainties arising from track selection, reconstruction efficiency, background events and

correlations unrelated to flow (Methods).

To directly observe the shape–size correlation shown in Fig. 1e,f, we analyse the 0–0.5% most

central collisions and correlate \(\langle {v}_{2}^{2}\rangle \) with event-wise δp  values (Fig.

2a). A pronounced anticorrelation in U + U collisions aligns with the expectation : events

with small δp  are enriched with body–body collisions and large δp  are enriched with tip–tip

collisions. This effect is striking, as \(\langle {v}_{2}^{2}\rangle \) in U + U is twice that of Au + 

Au at the lowest δp , yet similar at the highest δp .

Fig. 2: Correlation between elliptic flow and radial flow.

a, \(\langle {v}_{2}^{2}\rangle \) versus \(\delta {p}_{{\rm{T}}}/\langle [{p}_{{\rm{T}}}]\rangle \) in 0–0.5%

most central Au + Au and U + U collisions. b, \({\rho }_{2}=\langle {v}_{2}^{2}\delta {p}_{{\rm{T}}}\rangle

/(\langle {v}_{2}^{2}\rangle \sqrt{\langle {(\delta {p}_{{\rm{T}}})}^{2}\rangle })\) across centrality,

quantifying the strength of v –δp  correlation. The elliptic-shaped overlaps in the transverse plane for

various centralities are also shown.

Full size image

We quantify this correlation using normalized covariance \({\rho }_{2}=\langle {v}_{2}^{2}\delta

{p}_{{\rm{T}}}\rangle /(\langle {v}_{2}^{2}\rangle \sqrt{\langle {(\delta

{p}_{{\rm{T}}})}^{2}\rangle })\) (Fig. 2b). In Au + Au collisions, ρ  is relatively constant, with a

minor decrease in the central region because of centrality smearing . This smearing can be

reduced by averaging over a wider, say 0–5% centrality range . By contrast, ρ  in U + U

collisions decreases steadily, turning negative at about 7% centrality, reflecting the large

prolate deformation of U. The deformation has the greatest impact on central collisions

but also influences other centrality ranges.

Observables in a collision system are strongly influenced by QGP properties during

hydrodynamic evolution. By taking ratios between the two systems, these final state effects

are largely mitigated: \({R}_{{\mathcal{O}}}={\langle {\mathcal{O}}\rangle

}_{{\rm{U+U}}}/{\langle {\mathcal{O}}\rangle }_{{\rm{Au+Au}}}\) (Methods). Figure 3a–c shows

ratios for the three observables. \({R}_{{v}_{2}^{2}}\) and \({R}_{{(\delta {p}_{{\rm{T}}})}^{2}}\)

increase by up to 60% in central collisions, requiring a large β , whereas \

({R}_{{v}_{2}^{2}\delta {p}_{{\rm{T}}}}\) decreases by up to threefold across centralities,

demanding a large β  and a small γ . The ratios in the 0–5% most central range, having the

greatest sensitivity to U shape, are shown as hatch bands in Fig. 3d–f.

Fig. 3: Constraining the shape of U.

a–c, Ratios of \(\langle {v}_{2}^{2}\rangle \) (a), \(\langle {(\delta {p}_{{\rm{T}}})}^{2}\rangle \) (b) and \

(\langle {v}_{2}^{2}\delta {p}_{{\rm{T}}}\rangle \) (c) between U + U and Au + Au collisions as a function

of centrality. The data are compared with the IP-Glasma + MUSIC hydrodynamic model calculation

assuming β  = 0.28 (red) and β  = 0.25 (blue), the shaded bands of which denote the model

uncertainties (Methods). d–f, Ratio values in 0–5% most central collisions (hatch bands) for \(\langle

{v}_{2}^{2}\rangle \) (d), \(\langle {(\delta {p}_{{\rm{T}}})}^{2}\rangle \) (e) and \(\langle {v}_{2}^{2}\delta

{p}_{{\rm{T}}}\rangle \) (f) are compared with model calculations as a function of \({\beta

}_{2{\rm{U}}}^{2}\) or \({\beta }_{2{\rm{U}}}^{3}\) for four γ  values. The coloured quadrilaterals

delineate the allowed ranges of \({\beta }_{2{\rm{U}}}^{2}\) or \({\beta }_{2{\rm{U}}}^{3}\) from this data-

model comparison. g, The constrained ranges of (β ,γ ) from three observables separately, and the

confidence contours obtained by combining \(\langle {(\delta {p}_{{\rm{T}}})}^{2}\rangle \) and \

(\langle {v}_{2}^{2}\delta {p}_{{\rm{T}}}\rangle \) (solid lines). The constraint from \({R}_{{v}_{2}^{2}}\) is

viewed as a lower limit and hence is not used (see main text).

Full size image

The data are compared with the state-of-the-art IP-Glasma + MUSIC hydrodynamic

model , which combines the fluctuating initial energy density distributions, relativistic

viscous hydrodynamics and hadronic transport. This model, successful in describing flow

observables at both RHIC and the LHC , parameterizes nuclear shapes with a deformed

Woods–Saxon profile,

The parameters for Au are fixed to an oblate shape with β  = 0.14 and γ  = 45° (ref.  ),

whereas those for U are varied. The model also considers final state effects by adjusting QGP

viscosities and initial condition uncertainties, including variations in nuclear radius R , skin a,

β , γ  and higher-order shapes (Extended Data Table 1). These variations are included in

the model uncertainties. The mass numbers of Au and U, differing by only 20%, result in

almost completely cancelling final state effects, leaving model uncertainties mainly from

initial conditions. In Fig. 3a–c, calculations for β  = 0.28 match central data for \({R}_{{(\delta

{p}_{{\rm{T}}})}^{2}}\) and \({R}_{{v}_{2}^{2}\delta {p}_{{\rm{T}}}}\), but overestimate \

({R}_{{v}_{2}^{2}}\) in 0–30% centrality. This overestimation stems from the limitations of the

model in describing \({\varepsilon }_{2}^{{\rm{rp}}}\)-induced v  components, which are

strongly affected by variations in the impact parameter and other structural parameters such

as nuclear radius and skin  and possible longitudinal flow decorrelations . Thus, the \

({R}_{{v}_{2}^{2}}\) comparison is expected to set only a lower bound for β  in this model.

In Fig. 3d–f, we contrast the 0–5% central data against predictions for varying β  and γ .

Calculated \({R}_{{v}_{2}^{2}}\) and \({R}_{{(\delta {p}_{{\rm{T}}})}^{2}}\) change linearly with \

({\beta }_{2{\rm{U}}}^{2}\), whereas \({R}_{{v}_{2}^{2}\delta {p}_{{\rm{T}}}}\) follows a \({\beta

}_{2{\rm{U}}}^{3}\cos (3{\gamma }_{{\rm{U}}})\) trend, aligning remarkably with equation (2).

The intersections between data and model delineate preferred β  ranges, yielding \({\beta

}_{2{\rm{U}}}({R}_{{(\delta {p}_{{\rm{T}}})}^{2}})=0.294\,\pm \,0.021\) and a lower limit value \

({\beta }_{2{\rm{U}}}({R}_{{v}_{2}^{2}})=0.234\,\pm \,0.014\). For \({R}_{{v}_{2}^{2}\delta

{p}_{{\rm{T}}}}\), the favoured β  range varies with γ . These preferred ranges are shown in

Fig. 3g. A combined analysis of constraints from \({R}_{{(\delta {p}_{{\rm{T}}})}^{2}}\) and \

({R}_{{v}_{2}^{2}\delta {p}_{{\rm{T}}}}\) is performed, yielding β  = 0.297 ± 0.015 and γ  = 8.5° 

± 4.8° (mean and 1 standard deviation, see Methods).

The data are also compared with Trajectum , another hydrodynamic model with a different

implementation of the initial condition and QGP evolution. Trajectum derives constraints on

the initial and final state parameters of the QGP based on a Bayesian analysis of the LHC data

that are then extrapolated to the RHIC energies. These constraints were not tuned to the RHIC

data but are nevertheless useful in estimating the theoretical uncertainties. The relevant

constraints are β  = 0.275 ± 0.017 and γ  = 15.5° ± 7.8°. A combination of constraints from the

two models yields β  = 0.286 ± 0.025 and γ  = 8.7° ± 4.5° (Methods).

The extracted β  value is in line with low-energy estimates , implying other sources of

nucleon, quark and gluon correlations in U are less impactful compared with its large

deformation, as supported by recent model studies . Meanwhile, the small γ  value excludes

a large triaxiality of uranium and indicates an average value remarkably consistent with the

low-energy estimate based on a similar rigid-rotor assumption. This marks the first extraction

of nuclear ground-state triaxiality without involving transitions to excited states.

Applications

The flow-assisted nuclear shape imaging is a promising tool for exploring the structure of

atomic nuclei in their ground state. The strength of this method lies in capturing a fast

snapshot of nucleon spatial distribution, applicable to any collision species. This contrasts

with nuclear spectroscopy, in which complexity varies with the position of the nucleus on the

Segrè chart. This approach is effective for discerning shape differences between species with

similar mass numbers, ideally isobar pairs. Many applications are possible, with a few

examples given here:

Odd-mass nuclides: for odd-mass nuclei, where either N or Z is odd, the nuclear shapes

should be similar to adjacent even–even nuclei. As the transition data are more

complex , the ground-state shapes are usually inferred from the data measured by laser

spectroscopy method . The high-energy approach is suitable for both odd-mass nuclei

and even–even nuclei, hence eliminating a possible source of bias in low-energy

experiments.

Octupole and hexadecapole deformations: these less common and generally weaker

deformations  can be probed through measurement of higher-order flow harmonics

(triangular and quadrangular flows).

Dynamic deformations in soft nuclei: this method could distinguish between average

deformation and transient shape fluctuations using measurements of multi-particle

correlations . For example, the sixth-particle correlator \(\langle {v}_{2}^{6}\rangle \)

has direct sensitivity to the fluctuations of γ. This information was obtained in rare cases

at low energy . Our technique, sensitive only to the ground state, also sidesteps the

complexities of disentangling shape variations during transitions to excited states.

0νββ decay: the decay rate hinges on nuclear matrix elements (NME), significantly

affected by the shapes of the initial and final species—a pair of isobars with the same

mass number. Present NME uncertainties, partly stemming from inadequate knowledge

of nuclear shapes, pose a main challenge in experimental design . This method, tailored

for isobars, allows for precisely determining shape differences between these species.

This could reduce NME uncertainties, and hence aid in experiments searching for 0νββ

decay and enhance our understanding of neutrino properties.

It would be remiss not to mention that our approach also holds promise in advancing the

study of QGP, particularly its dynamics and transport properties, which have been limited by

a poor understanding of QGP initial conditions  (Fig. 1e). By contrasting flow observables in

similarly massed but structurally different species, our technique effectively eliminates final

state effects, thereby isolating initial condition variations seeded by shape differences. This

can explain the mechanisms of initial condition formation and consequently help to improve

QGP transport property extraction through Bayesian inferences  and lead to

breakthroughs in high-energy nuclear physics.

Collective-flow-assisted nuclear shape imaging is a discovery tool for exploring nuclear

structure and high-energy nuclear collision physics. Future research could leverage colliders

to conduct experiments with selected isobaric or isobar-like pairs. The combination of high-

and low-energy techniques enables interdisciplinary research in the study of atomic nuclei

across energy scales.

Methods

Accessing information in the intrinsic frame
The nuclear shape in the intrinsic frame is not directly observable in low-energy experiments.

However, in high-energy collisions, the collective flow phenomenon is sensitive to the shape

and size of the nucleon distribution in the overlap region of the transverse plane. This

distribution, denoted as \(\rho \left({\bf{r}}\right)\) with r = x + iy, provides a direct link to the

shape characteristics of the two colliding nuclei in their intrinsic frames, as discussed below.

The elliptic shape of the heavy-ion initial state is characterized by its amplitude ε  and

direction Φ , defined by nucleon positions as

When the coordinate system is rotated such that x and y coincide with the minor and major

axes, the elliptic eccentricity coincides with the usual definition \({\varepsilon

}_{2}=\frac{\langle {y}^{2}\rangle -\langle {x}^{2}\rangle }{\langle {y}^{2}\rangle +\langle

{x}^{2}\rangle }\). The parameter ε  drives the elliptic flow v : v  ∝ ε .

Let us now consider collisions at zero impact parameter, in which, without loss of generality,

the average elliptic geometry vanishes, that is, \(\langle {{\mathcal{E}}}_{2}\rangle =0\). The

second moment of eccentricity over many events is given by

where \(\langle \rho ({\bf{r}})\rangle \) represents the event-averaged profile, and

is the usual two-body distribution. Similarly, the third central moments are related to the

three-body distribution, \(\rho \left({{\bf{r}}}_{1},{{\bf{r}}}_{2},{{\bf{r}}}_{3}\right)\,=\) \(\langle

\delta \rho ({{\bf{r}}}_{1})\delta \rho ({{\bf{r}}}_{2})\delta \rho ({{\bf{r}}}_{3})\rangle \). For

example,
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The parameters for Au are fixed to an oblate shape with β2Au = 0.14 and 
γAu = 45° (ref. 34), whereas those for U are varied. The model also con-
siders final state effects by adjusting QGP viscosities and initial condi-
tion uncertainties, including variations in nuclear radius R0, skin a, β2Au, 
γAu and higher-order shapes (Extended Data Table 1). These variations 
are included in the model uncertainties. The mass numbers of Au and 
U, differing by only 20%, result in almost completely cancelling final 
state effects, leaving model uncertainties mainly from initial condi-
tions. In Fig. 3a–c, calculations for β2U = 0.28 match central data for 
R δp( )T

2  and Rv δp2
2

T
, but overestimate Rv 2

2 in 0–30% centrality. This  
overestimation stems from the limitations of the model in describing 
ε2

rp-induced v2 components, which are strongly affected by variations 
in the impact parameter and other structural parameters such as 
nuclear radius and skin45 and possible longitudinal flow decorrela-
tions46. Thus, the Rv 2

2 comparison is expected to set only a lower bound 
for β2U in this model.

In Fig. 3d–f, we contrast the 0–5% central data against predictions 
for varying β2U and γU. Calculated Rv 2

2 and R δp( )T
2 change linearly with 

β2U
2 , whereas Rv δp2

2
T

 follows a β γcos(3 )2U
3

U  trend, aligning remarkably 
with equation (2). The intersections between data and model delineate 
preferred β2U ranges, yielding β R( ) = 0.294 ± 0.021δp2U ( )T

2  and a lower 
limit value β R( ) = 0.234 ± 0.014v2U 2

2 . For Rv δp2
2

T
, the favoured β2U range 

varies with γU. These preferred ranges are shown in Fig. 3g. A combined 
analysis of constraints from R δp( )T

2 and Rv δp2
2

T
 is performed, yielding 

β2U = 0.297 ± 0.015 and γU = 8.5° ± 4.8° (mean and 1 standard deviation, 
see Methods).

The data are also compared with Trajectum22, another hydrodynamic 
model with a different implementation of the initial condition and QGP 
evolution. Trajectum derives constraints on the initial and final state 
parameters of the QGP based on a Bayesian analysis of the LHC data that 
are then extrapolated to the RHIC energies. These constraints were not 
tuned to the RHIC data but are nevertheless useful in estimating the the-
oretical uncertainties. The relevant constraints are β2U = 0.275 ± 0.017 
and γU = 15.5° ± 7.8°. A combination of constraints from the two models 
yields β2U = 0.286 ± 0.025 and γU = 8.7° ± 4.5° (Methods).

The extracted β2U value is in line with low-energy estimates35, imply-
ing other sources of nucleon, quark and gluon correlations in 238U are 
less impactful compared with its large deformation, as supported by 
recent model studies23. Meanwhile, the small γU value excludes a large 
triaxiality of uranium and indicates an average value remarkably con-
sistent with the low-energy estimate based on a similar rigid-rotor 
assumption. This marks the first extraction of nuclear ground-state 
triaxiality without involving transitions to excited states.

Applications
The flow-assisted nuclear shape imaging is a promising tool for explor-
ing the structure of atomic nuclei in their ground state. The strength 
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The shape phase transition for certain isotope or isotone chains, associated with the quantum phase
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phase transition occurring in the vicinity of 128–130Xe. In this Letter, we focus on investigating the γ-soft
deformation of 129Xe associated with the second-order shape phase transition by constructing novel
correlators for ultrarelativistic 129Xeþ 129Xe collisions. In particular, our iEBE-VISHNU model calcu-
lations show that the correlation between elliptic flow v2 and mean transverse momentum ½pT #, denoted as
ρ2, as well as the ½pT # fluctuation ΓpT

, which were previously used to claim the evidence of the rigid triaxial
deformation of 129Xe, can also be well explained by the γ-soft deformation of 129Xe. We further propose two
novel correlators ρ4;2 and ρ2;4, which carry nontrivial higher-order correlations and show unique
capabilities to distinguish between the γ-soft and the rigid triaxial deformation of 129Xe in 129Xeþ
129Xe collisions at the LHC. The present study provides a novel way to explore the second-order shape
phase transition of finite nuclei with ultrarelativistic heavy ion collisions.
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Introduction—The phase transition has been studied
extensively in various research areas of physics. In high-
energy nuclear physics, the heavy ion program at the
Relativistic Heavy Ion Collider (RHIC) and the Large
Hadron Collider (LHC) aims to explore the QCD phase
transition and to study the quark-gluon plasma (QGP)
[1–8]. In nuclear structure physics, the concept of the shape
phase transition of finite nuclei has been developed to
explain the rapid structural change along certain isotope or
isotone chains, associated with the dynamic interplay
between the spherical-driving pairing interaction and the
deformation-driving proton-neutron interaction [9–13]. A
deeper understanding of the shape phase transition is
crucial to unravel the collective properties residing in
atomic nuclei. In this Letter, we make the first attempt
to probe the possible second-order shape phase transition
for the Xe isotopes in the ultrarelativistic 129Xeþ 129Xe
collisions at the LHC.

In Refs. [14,15], the critical point symmetries such as
Eð5Þ and Xð5Þ have been proposed to describe and classify
the shape phase transition of finite nuclei. In the framework
of the interacting boson model (IBM) [16], the Xe isotopes
undergo a shape phase transition from a γ-soft rotor to a
spherical vibrator [17–19], with the critical point described
by the Eð5Þ symmetry [15]. Experimentally, the measured
energy spectroscopy of 128Xe agrees well with the pre-
dictions of the Eð5Þ symmetry, including the normalized
transition strengths and the branching ratios, as well as the
energy ratios between different energy levels [20].
Theoretically, several microscopic approaches have been
used to study the Eð5Þ symmetry for the Xe isotopes
[21–25], which suggests that a critical point of the second-
order shape phase transition lies in the vicinity of 128–130Xe,
associated with a γ-soft and β-soft deformation. It is also
worth mentioning that Refs. [26,27] has proposed a
Zð4Þ symmetry to describe the spectra and BðE2Þ rates
for 128;130;132Xe, where the Bohr Hamiltonian is assumed to
be β flat with the γ frozen at 30°.
The 129Xeþ 129Xe collisions at the LHC [28–32],

originally aimed at studying the system-size effects of
the QGP, can provide a novel way to identify the γ-soft and
γ-frozen deformation of 129Xe and to probe the possible
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In Refs. [14,15], the critical point symmetries such as
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of the interacting boson model (IBM) [16], the Xe isotopes
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spherical vibrator [17–19], with the critical point described
by the Eð5Þ symmetry [15]. Experimentally, the measured
energy spectroscopy of 128Xe agrees well with the pre-
dictions of the Eð5Þ symmetry, including the normalized
transition strengths and the branching ratios, as well as the
energy ratios between different energy levels [20].
Theoretically, several microscopic approaches have been
used to study the Eð5Þ symmetry for the Xe isotopes
[21–25], which suggests that a critical point of the second-
order shape phase transition lies in the vicinity of 128–130Xe,
associated with a γ-soft and β-soft deformation. It is also
worth mentioning that Refs. [26,27] has proposed a
Zð4Þ symmetry to describe the spectra and BðE2Þ rates
for 128;130;132Xe, where the Bohr Hamiltonian is assumed to
be β flat with the γ frozen at 30°.
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Using the estimates from the liquid-drop model [54,56],
we express for the two quantities with the following β2 and
γ dependence:

hε42iρ4;2¼Aβ62½53þ16hcosð6γÞi&þf4;2½β62;hcosð3γÞi&;

hε22iρ2;4¼
A
16

β62½43−14hcosð6γÞi&þf2;4½β62;hcosð3γÞi&; ð8Þ

where A≡ ð75=102 502 4π3Þ, f4;2 and f2;4 are the func-
tions of β62, and hcosð3γÞi. The above expressions are
obtained with the assumptions of no β2 fluctuation and
independent rotation of the two colliding nuclei. For our
current γ configurations for either the γ-soft or the rigid
triaxial deformation of 129Xe, hcos 3γi ¼ 0, which means
that f4;2 and f2;4 terms are negligible.
Figure 2 plots the centrality dependent ρ4;2 and ρ2;4,

calculated from the TRENTo model with the same initial
state parameters as used in the full iEBE-VISHNU simu-
lations. Figure 2(a) shows that, compared to the case of
triaxially deformed 129Xe, the γ-soft deformation increases
ρ4;2. As derived in Eq. (8), the associated term hcosð6γÞi ¼
−1 for the rigid triaxial deformation with γ ¼ 30°, and
hcosð6γÞi ¼ 0 for the γ-soft deformation with 0° ≤ γ ≤ 60°.
This explains the increasing trend of Rðρ4;2Þ for the γ-soft
case. In the bottom panel of Fig. 2(a), we also plot the ratio
between the two deformations of 129Xe, Rðρ4;2Þ, defined as
RðXÞ ¼ ½ðXγ-soft − XtriaxialÞ=ðjXtriaxialjÞ&. With β2 set to 0.17,
the effect of γ-soft can be observed for the selected
centrality range, with the enhancement of Rðρ4;2Þ increas-
ing to 50% around 0.2% ultracentral collisions. Because
of the β62 dependence shown in Eq. (8), the γ-soft effect
can be significantly enhanced with a larger value of β2.

Calculations from the nuclear structure predict that the
quadrupole deformation of 129Xe is about β2 ¼ 0.17–0.20
[57,58]. We find that with β2 ¼ 0.2, the enhancement of
Rðρ4;2Þ can increase to 100% around 0.2% ultracentral
collisions. This shows the discriminatory power of ρ4;2 to
identify the γ soft and the triaxial deformation of 129Xe in
ultracentral 129Xeþ 129Xe collisions.
Figure 2(b) plots the ρ2;4 for the selected centrality range.

A small suppression within 2% can be observed after
changing from the rigid triaxial deformation to the γ-soft
deformation in the colliding nuclei 129Xe. The γ-soft effect
is much less significant compared to the ρ4;2 results shown
in Fig. 2(a). This is qualitatively consistent with the
expectations of the liquid-drop model with the associated
hcosð6γÞi term in Eq. (8), which predicts an order of
magnitude weaker γ-soft effect for ρ2;4. Despite the large
statistical uncertainties of the ρ2;4 results, a clear distinction
between the γ-soft and the rigid triaxial deformation are
already visible at β2 ¼ 0.17. The discriminating power of
ρ2;4 will be further enhanced for larger deformations, e.g.,
β2 ¼ 0.20. Therefore, we propose to simultaneously study
the associated final state correlators for ρ2;4 and ρ4;2 in
129Xeþ 129Xe collisions at the LHC, together with a
comparison with the calculations from the state-of-the-art
hydrodynamic model. This will provide a novel opportu-
nity to discover the second-order shape phase transition
associated with the γ-soft deformation of 129Xe or to
confirm the rigid triaxial deformation of 129Xe via the
observables in relativistic heavy-ion collisions at the TeV
energy scale.
Summary—The shape phase transition of finite nuclei for

certain isotope or isotone chains is a fascinating phenome-
non in nuclear physics. Calculations and measurements in
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Hot topic not only in low-energy nuclear physics ⇒ New studies at 
high-energy physics facilities, highly complementary to Coulex

RHIC - STAR LHC - ATLAS, ALICE
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Spherical-Oblate Shape Coexistence in 94Zr and the SPIDER Coulomb-Excitation Campaign at LNLINFN Experimental Requirements
What can we get? 

▸ Reduced transition probabilities for transitions between low-lying 
states, mainly E2 and E3 multipolarities 

▸ Spectroscopic quadrupole moments for excited states 

▸ Rotational invariants (Q, δ) ⟹ Direct access to the nuclear shape (β, γ) 

What do we need? 

▸ Beam energies around 3-6 MeV/A 

▸ Good technique for weak-intensity beams ⟹ Large cross sections 

▸ Gamma-ray array and heavy ion detector with as good as possible 
efficiency, energy or time resolutions, and segmentations

Low-Energy 
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Excitation 

SPIDER with 
GALILEO and 
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Excited 0+ States 
in Even-Even Mid-
Mass Nuclei 

The Zr Isotopic 
Chain and QPTs 
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on 94Zr 

Model-
Independent 
Determination of 
Shapes in 94Zr
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SPIDER: the Silicon PIe DEtectoR 

▸ Modular segmented silicon detector, designed 
for low-energy Coulomb-excitation measurements 

▸ Independent sectors, 8 strips + guard ring 

▸ Detector thickness ~ 300 µm, dead layers ~ 50 nm in 
the junction (front) side and ~ 350 nm in the ohmic 
(rear) side 

▸ Cone configuration (7 sectors) at backward angles: 
8.5 cm from the target ⟹ ΔΘ = 37.4°, Ω/4π = 17.3%

M. Rocchini, K. Hadyńska-Klȩk, A. Nannini et al., Nuclear Inst. and Methods 
in Physics Research A 971 (2020) 164030
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GALILEO with SPIDER

SPIDER

LaBr3:Ce

GALILEO

 (2016 - 2019)

GALILEO: the LNL 
Resident γ-Ray 
Spectrometer 

▸ 25 HPGe Compton-suppressed 
detectors (GASP type) 

▸ FWHM (@1332.5 keV) < 2.4 keV 

▸ Efficiency (@1332.5 keV) = 2.1% 

▸ Full digital electronics (takes 
advantage of the developments 
made for AGATA) 

▸ Triggerless DAQ

A. Goasduff, D. Mengoni, F. Recchia, J.J. 
Valiente-Dobón et al., Nuclear Inst. and Methods 
in Physics Research A 1015 (2021) 165753
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SPIDER
AGATA

AGATA with SPIDER  (2022 - ongoing)

AGATA: the 
Advanced 
GAmma 
Tracking 
Array 

▸ Last generation γ-ray 
spectrometer composed 
of higly-segmented 
HPGe detectors 

▸ Employs advanced 
PSA and γ-ray tracking 
methods to avoid 
Compton-suppressors 
and garantee high 
efficiency 

J.J. Valiente-Dobón, R. Menegazzo, 
A. Goasduff et al., Nuclear Inst. and 
Methods in Physics Research A 1049 
(2023) 168040
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SPIDER
AGATA

AGATA with SPIDER  (2022 - ongoing)

AGATA: the 
Advanced 
GAmma 
Tracking 
Array 

▸ Last generation γ-ray 
spectrometer composed 
of higly-segmented 
HPGe detectors 

▸ Employs advanced 
PSA and γ-ray tracking 
methods to avoid 
Compton-suppressors 
and garantee high 
efficiency 

J.J. Valiente-Dobón, R. Menegazzo, 
A. Goasduff et al., Nuclear Inst. and 
Methods in Physics Research A 1049 
(2023) 168040

More than 20 experiments performed with GALILEO and 
AGATA coupled to SPIDER from A ~ 40 to A ~ 160, with 

SPs from 3 different continents (other 3 accepted)

Matus Balogh & Naomi Marchini 
In charge for SPIDER
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Do we understand excited 0+ states in nuclei? 

John L Wood1 
School of Physics, Georgia Institute of Technology, Atlanta, Georgia, 30332-0430, 
USA 
 
E-mail: john.wood@physics.gatech.edu 
 
Abstract. Excited 0+ states are the least understood of any low-energy degree of freedom in 
nuclei. Some examples of excited 0+ states that are reasonably well understood are followed by 
details, from recent experimental work, of excited 0+ states that are causing major reassessment 
of some models.  

1. Introduction 
     Excited 0+ states can arise in nuclei in association with the nucleon pairing degree of freedom and 
in model spaces with collective shape degrees of freedom. Models of pairing in nuclei are by now 
developed to the point that there is a wide consensus regarding the basic physics issues. Models of 
collective shape degrees of freedom are much further from a consensus on the basic physics issues. 
Collectivity in nuclei has been one of the major topics of nuclear structure research for sixty years. 
From Bohr’s initial work [1], Bohr and Mottelson [2] working with their many collaborators at the 
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From detailed spectroscopy of 110Cd and 112Cd following the βþ/electron-capture decay of 110;112In and
the β− decay of 112Ag, very weak decay branches from nonyrast states are observed. The transition rates
determined from the measured branching ratios and level lifetimes obtained with the Doppler-shift
attenuation method following inelastic neutron scattering reveal collective enhancements that are
suggestive of a series of rotational bands. In 110Cd, a γ band built on the shape-coexisting intruder
configuration is suggested. For 112Cd, the 2þ and 3þ intruder γ-band members are suggested, the 0þ3 band is
extended to spin 4þ, and the 0þ4 band is identified. The results are interpreted using beyond-mean-field
calculations employing the symmetry conserving configuration mixing method with the Gogny D1S
energy density functional and with the suggestion that the Cd isotopes exhibit multiple shape coexistence.

DOI: 10.1103/PhysRevLett.123.142502

The shape of a nucleus is one of its most fundamental
properties, and its exploration across the nuclear landscape
provides insight into the mechanisms underlying how
protons and neutrons are organized. Unlike atomic systems,
which are exclusively spherical due to the 1=r potential
generated by the pointlike nucleus, nuclear shapes can be
complicated because the potential is generated by the
nucleons themselves. Minima in the total energy can be
found for shapes that include spherical, axially symmetric
prolate- or oblate-deformed ellipsoids, axially nonsymmet-
ric (triaxial) ellipsoids, etc. Unlike other finite-bodied
quantum-mechanical systems, a nucleus can exhibit differ-
ent shapes for individual states, i.e., shape coexistence.
Shape coexistence, for which the most common form is

the appearance of two distinct shapes, was long viewed as a
rare and exotic phenomenon but has now been discovered
spanning the nuclear chart (see, e.g., Ref. [1] for a recent
review). Typically, the coexisting shapes are associated
with a weakly deformed, and often spherical, ground state
and a more deformed excited state upon which rotational
states can be built. The reason that this form of shape

coexistence is the most prevalent is related to the fact that it
is usually easier to identify a rotational band in a region of
low level density of excited states (built on a spherical
ground state) than vice versa. Since the driving mechanism
behind the development of deformation is the strong
proton-neutron quadrupole-quadrupole interaction at (or
near) closed major shells, where the number of valence
particles is zero (or small), the ground states have spherical
(or weakly deformed) shapes, and the mechanism behind
shape coexistence is often described as involving the
promotion of pairs of particles across the large energy
gap to orbitals above the shell closure. While the energy
required to promote a pair of particles can be high, this may
be offset by the gain in energy that arises from correlations,
especially those associated with pairing, the neutron-proton
interactions, and quadrupole deformation.
It is in the vicinity of closed major shells where the

greatest abundance of shape-coexisting states have been
sought and observed; an example of this occurs in the Sn
region with its Z ¼ 50 closed proton shell [1,2]. The first
nuclei in this region to be considered as candidates for
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of the previously published data [12,13],
as outlined in Ref. [8], yields lifetimes for the 2287,
2706, and 2927 keV levels of τ ¼ 395þ30

−24 , τ ¼ 221þ68
−44 ,

and τ ¼ 245þ500
−110 fs, respectively—the latter two deter-

mined for the first time. The extracted BðE2; 4þ5 → 2þ4 Þ
of 55% 14 W:u: indicates a large collective enhancement.
Similarly, collective enhancements are observed for the
decays of the 2927 keV 5þ level to lower-lying 3þ, 4þ, and
6þ states. Also shown in Fig. 1 is a spectrum of γ rays in
coincidence with the 1253 keV γ ray from the 1871 keV 0þ4
state in 112Cd. The inset displays the 360 keV γ-ray peak
that is assigned as the 2þ6 → 0þ4 transition and a very small
peak from a 285 keV γ ray that is assigned as the 2þ5 → 0þ4
transition. The branching extracted for the latter is
7.9ð33Þ × 10−4, yielding BðE2; 2þ5 → 0þ4 Þ ¼ 34ð15Þ W:u:
with the lifetime from Ref. [14]. Further analysis of
the γ − γ coincidence data reveals a transition from the
2711 keV 4þ state to the 2156 keV 2þ level; its branching is
deduced to be 0.059%0.008, resulting in BðE2;4þ6 →2þ5 Þ¼
77%30W:u: Further examples of coincidence spectra, and
tables of the results, are found in Ref. [6].
The assignment of the levels into bands, as shown in

Figs. 2 and 3, is generally based on the presence of an
enhanced E2 transition or a large relative BðE2Þ value.
Exceptions to this practice are some of the levels associated
with the intruder γ band. (Herein, we follow the convention
of using the label of γ for the 2þ, 3þ, 4þ, etc. ordering of
states, independent of its exact nature as γ vibrational or
nonaxial rotational.) In 110Cd, a sequence formed by the
2287 − 2þ, 2566 − 3þ, 2706 − 4þ, 3008 − 5þ (first
observed in Ref. [15]), and 3240 keV − 6þ states was
observed, with an enhanced 4þ → 2þ transition and a large
6þ → 4þ branch. This sequence of levels is a candidate for
the γ band based on the intruder 0þ2 configuration, expected
if the 0þ2 level is indeed a deformed shape-coexisting state.
In 112Cd, the 2þ and 3þ levels at 2231 and 2403 keV are
considered as intruder γ band candidates; there is insuffi-
cient knowledge of higher spin levels to make suggested
assignments. From the sensitivity achieved with the 112Ag
decay, the 0þ3 band in 112Cd has been extended to spin 4,
and the 0þ4 band has been located based on enhanced
4þ → 2þ and 2þ → 0þ BðE2Þ values (see Ref. [6]).
The collective states are compared to the results of BMF

calculations using the symmetry conserving configuration
mixing method with the Gogny D1S energy density func-
tional, as described in Ref. [16] and outlined in Ref. [6].
This is the first application of this method to the midshell
nuclei in the Z ¼ 50 region that have previously been
described as good spherical vibrators (see, e.g., Ref. [17]).
The BMF effects are taken into account through the exact
angular-momentum and particle-number restoration and
include the possibility of axial and nonaxial shape mixing.
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FIG. 2. The partial experimental level scheme deduced for
110Cd (top) and from the BMF calculation (bottom) showing the
collective, low-lying, positive-parity bands with their in-band and
bandhead decays. The transitions are labeled by BðE2Þ values in
W.u. with uncertainties in parentheses; square brackets indicate
relative values. Quantities in bold italic are newly determined.
Upper limits result from lower limits for the level lifetimes, or
unknown E2=M1 mixing ratios, and the values given assume E2
multipolarity. Also shown are the collective wave function
distributions for the bandheads, plotted in the β − γ plane, with
a color scheme of red for the maximum and blue for the minimum
contribution. The average particle-hole occupation numbers
extracted for protons (π) and neutrons (ν) for the 0þ states are
indicated.
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The occupation numbers are computed in a similar fashion
as in Ref. [18] using the 0s, 0p, 1s0d, 1p0f, and 0g9=2
orbits as the reference to define the particle-hole structure
for both protons and neutrons.
Rather than focus on the details, we concentrate on the

overall gross features of the calculations. Considering that
the calculations have no free parameters, there is remark-
able similarity between the observed and predicted bands
shown in Figs. 2 and 3. For both nuclei, four low-lying
collective 0þ states are predicted with distinct shapes: the
prolate ground state band with β ≈ 0.20, a triaxial-
deformed 0þ2 band with β ≈ 0.4 and γ ≈ 20°, an oblate
0þ3 band with β ≈ 0.30, and a prolate 0þ4 band with
β ≈ 0.25. Two γ bands are also predicted, the lowest-lying

of which has β ≈ 0.20 (similar to the ground state) and
triaxial, and the second band has a deformation nearly
identical to that of the 0þ2 state. The γ bands strongly mix in
the calculations, resulting in enhanced E2 transitions
between the band members. There is also strong mixing
of the spin 4 and 6 states of the 0þ bands with states in other
bands, especially those in close proximity, resulting in a
fragmentation of the E2 decay strength. The 0þ2 states have
enhanced E2 transitions to the 2þ1 states (predicted, 16 and
40 W.u.; observed, <40 and 51" 14 in 110Cd and 112Cd,
respectively), the 0þ3 bandheads have enhanced decays to
the 2þ bandheads of the γ bands (predicted 97 and
108 W.u., observed <1680 and 81" 7 W:u:, respectively),
and the 0þ4 states have enhanced decays to the 2þ member
of the 0þ2 band (23 and 25 W.u. predicted, and exper-
imentally these E2 transitions are favored by approximately
2 orders of magnitude versus other possible E2 transitions).
The predicted energies of the states, as given in Figs. 2 and

3, are generally overestimated; this feature, however, is quite
common in BMF calculations. The ratios of the 4þ to 2þ

energies are 2.63 and 2.38 in 110;112Cd, respectively, whereas
experimentally they appear slightly closer to the vibrational
limit of 2.0 with values of 2.34 and 2.29. The in-bandBðE2Þ
values are also generally greater than observed, suggesting
that the calculated deformation may be slightly too large, as
also reflected in the quadrupole moments of the 2þ1 states;
the observed spectroscopic moments are −0.40ð3Þ and
−0.38ð3Þ eb for 110;112Cd, respectively, and the correspond-
ing predicted values are −0.60 and −0.57 eb.
A remarkable aspect of the present calculations is that

they do not support spherical vibrational interpretations for
the excited states of 110;112Cd; the low-lying states are
predicted to possess significant deformation and none of
the states have vibrational wave functions. Detailed inves-
tigations of the Cd isotopes have revealed systematic
discrepancies that are problematic to reconcile with their
long-standing view as spherical vibrational systems
[4,17,19]. Recently, the spherical vibrational interpretation
was resurrected by considering terms in the Hamiltonian
that mix phonon states, introducing a partial dynamical
symmetry that preserves the typical spherical vibrator
pattern for some states while allowing for departures for
others [20]. In this model, the mixing with shape-coexisting
intruder states remains weak, as reflected in the data [8].
The effect of the phonon mixing essentially interchanges
the positions of the low-spin N þ 1 and N phonon states.
The 0þ3 and 0þ4 states, which would normally be members
of the two- and three-phonon multiplets, respectively,
interchange their characters, as do the 2þ members of
the three- and four-phonon multiplets. The present BMF
calculations suggest an alternative explanation to the “Cd
problem” [20], and the observation of enhanced BðE2Þ
values supports their interpretation as rotational structures
associated with the excited 0þ states.
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of Fig. 2 for details.

PHYSICAL REVIEW LETTERS 123, 142502 (2019)

142502-4

matrix. This gives us the three axes of the ellipsoid with
quadrupole momenta Q0 and Q2 in the usual way [2]. One
can then plot this MCSM basis vector as a circle on
the potential energy surface (PES), as shown in Fig. 2. The
overlap probability of this MCSM basis vector with the
eigenstate is indicated by the area of the circle. Thus, one
can pin down each MCSM basis vector on the PES
according to its Q0 and Q2 with its importance by the
area of the circle. Note that the PES in Fig. 2 is obtained by
constrained HF calculation for the same SM Hamiltonian,
and is used for the sake of an intuitive understanding of
MCSM results. This method, called a T-plot [46,47],
enables us to analyze SM eigenstates from the viewpoint
of intrinsic shape. Figure 2(a) shows that the MCSM basis
vectors of the 0þ1 state of 98Zr are concentrated in a tiny
region of the spherical shape, while its 0þ2 state is composed
of basis vectors of prolate shape with Q0 ∼ 350 fm2 [see
Fig. 2(b)]. A similar prolate shape dominates the 0þ1 state of
100Zr with slightly larger Q0, as shown in Fig. 2(c). We
point out the abrupt change of the ground-state property
from Fig. 2(a) to 2(c), and will come back to this point later.
The T-plot shows stable prolate shape for the 0þ1 state from
100Zr to 110Zr [see Fig. 2(d)].
Figure 1(c) displays BðE2; 2þ1 → 0þ1 Þ values, with small

values up to N ¼ 58 and a sharp increase at N ¼ 60,
consistent with experiment [13,20–23]. The effective
charges ðep; enÞ ¼ ð1.3e; 0.6eÞ are used. Because the
BðE2; 2þ1 → 0þ1 Þ value is a sensitive probe of the quadru-
pole deformation, the salient agreement here implies that
the present MCSM calculation produces quite well the
shape evolution as N changes. In addition, theoretical and
experimental BðE2; 2þ2 → 0þ2 Þ values are shown for
N ¼ 54 [24] and 56. The value for N ¼ 56 has been
measured by experiment, discussed in the following Letter
[25], as an evidence of the shape coexistence in 96Zr. The
overall agreement between theory and experiment appears
to be remarkable. It is clear that the 2þ2 → 0þ2 transitions at
N ¼ 54 and 56 are linked to the 2þ1 → 0þ1 transitions in
heavier isotopes, via 2þ1 → 0þ2 transition at N ¼ 58.
Figure 1(d) shows the deformation parameter β2 [1].

The results of IBM [30], HFB [34], and FRDM [38]
calculations are included, exhibiting much more
gradual changes. The MCSM values are obtained from
BðE2; 2þ1 → 0þ1 Þ.

The systematic trends indicated by the 2þ1 level, the ratio
R4=2, the BðE2; 2þ1 → 0þ1 Þ value (or β2), and the T-plot
analysis are all consistent among themselves and in agree-
ment with relevant experiments. We can, thus, identify the
change between N ¼ 58 and 60 as a QPT, where in general
an abrupt change should occur in the quantum structure of
the ground state for a certain parameter [17,18]. The
parameter here is nothing but the neutron number N,
and the transition occurs from a “spherical phase” to a
“deformed phase.” Figure 1(b) demonstrates that the 0þ1
state is spherical up to N ¼ 58, but the spherical 0þ state is
pushed up to the 0þ4 state at N ¼ 60, where the prolate-
deformed 0þ state comes down to the ground state from the
0þ2 state at N ¼ 58. This sharp crossing causes the present
QPT. The discontinuities of various quantities, one of
which can be assigned the order parameter, at the crossing
point imply the first-order phase transition. The shape
transition has been noticed in many chains of isotopes and
isotones, but appears to be rather gradual in most cases, for
instance, from 148Sm to 154Sm. The abrupt change in the
Zr isotopes is exceptional.
We comment on the relation between the QPT and the

modifications of the interaction mentioned above. Without
them, the 2þ1 level is still ∼0.2 MeV at N ¼ 60 close to
Fig. 1(a), while at N ¼ 58 it is higher than the value in
Fig. 1(a). Thus, the present QPT occurs rather insensitively
to the modifications, whereas experimental data can be
better reproduced by them.
We now discuss the origin of such abrupt changes.

Figure 3(a) displays the occupation numbers of proton
orbits for the 0þ1;2 states of 98Zr, the 0þ1 state of 100Zr and
the 0þ1;2 states of

110Zr. From the spherical 0þ1 to prolate 0þ2
states of 98Zr, the occupation number of the proton 0g9=2
increases from 0.4 to 3.5, while those of the pf-shell orbits
decrease. The proton 0g9=2 orbit is more occupied in the
prolate 0þ1 state of 100;110Zr.
Figure 3(b) shows effective single-particle energies

(ESPE) of neutron orbits calculated with the occupation
numbers of the SM eigenstates, shown in Fig. 3(a) (see
Refs. [46,47] for explanations). At a glance, one notices
that the ESPEs from 2s1=2 to 0g7=2 are distributed over a
range of 4 MeV for the 0þ1 state of 98Zr, but are within
2 MeV for the prolate states, such as 0þ2 of 98Zr, 0þ1 of
100Zr, and 0þ1 of 110Zr. We notice also a massive (3.5–5.5)

FIG. 2. T-plots for 0þ1;2 states of 98;100;110Zr isotopes.
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The rapid shape change in Zr isotopes near neutron number N ¼ 60 is identified to be caused by type II
shell evolution associated with massive proton excitations to its 0g9=2 orbit, and is shown to be a quantum
phase transition. Monte Carlo shell-model calculations are carried out for Zr isotopes of N ¼ 50–70 with
many configurations spanned by eight proton orbits and eight neutron orbits. Energy levels and BðE2Þ
values are obtained within a single framework in good agreement with experiment, depicting various
shapes in going from N ¼ 50 to 70. The novel coexistence of prolate and triaxial shapes is suggested.
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The shape of the atomic nucleus has been one of the
primary subjects of nuclear structure physics [1], and
continues to provide intriguing and challenging questions
in going to exotic nuclei. One such question is the
transition from spherical to deformed shapes as a function
of the neutron (proton) number N (Z), referred to as shape
transition. The shape transition is visible in the system-
atics of the excitation energies of low-lying states, for
instance, the first 2þ levels of even-even nuclei: it turns
out to be high (low) for spherical (deformed) shapes [1–3].
A shell model (SM) calculation is suited, in principle, for
its description, because of the high capability of calculat-
ing those energies precisely. On the other hand, since the
nuclear shape is a consequence of the collective motion of
many nucleons, the actual application of the SM encoun-
tered some limits in the size of the calculation.
In this Letter, we present results of large-scale

Monte Carlo shell model (MCSM) calculations [4] on
even-even Zr isotopes with a focus on the shape transition
from N ¼ 50 to N ¼ 70, e.g., Ref. [5]. Figure 1(a) shows
that the observed 2þ1 level moves up and down within the
1–2 MeV region for N ¼ 50–58, whereas it is quite low
(∼0.2 MeV) for N ≥ 60 [6–16]. Namely, a sharp drop by a
factor of ∼6 occurs at N ¼ 60, which is consistent with the
corresponding BðE2Þ values shown in Fig. 1(c). These
features have attracted much attention, also because no
theoretical approach seems to have reproduced those rapid
changes covering both sides. More importantly, an abrupt
change seems to occur in the structure of the ground state as
a function of N, which can be viewed as an example of the
quantum phase transition (QPT), satisfying its general
definition to be discussed [17,18]. This is quite remarkable,
as the shape transition is, in general, rather gradual. In
addition, there is much interest in those Zr isotopes from
the viewpoint of the shape coexistence [19].

The advanced version of MCSM [26,27] can cover all
Zr isotopes in this range of N with a fixed Hamiltonian,
when taking a large model space, as shown in Table I. The
MCSM, thus, resolves the difficulties of conventional
SM calculation, where the largest dimension reaches
3.7 × 1023, much beyond its current limit. Note that no
truncation on the occupation numbers of these orbits is
made in the MCSM. The structure of Zr isotopes has been
studied by many different models and theories. For in-
stance, a recent large-scale conventional SM calculation
showed a rather accurate reproduction of experimental data
up to N ¼ 58, whereas it was not extended beyond N ¼ 60
[28]. The 2þ1 levels have been calculated in a wider range in
interacting boson model (IBM) calculations, although the
aforementioned rapid change is absent [29,30]. Some
other works were restricted to deformed states [5,31,32],
or indicated gradual shape changes [33–40].
It is, thus, very timely and needed to apply the MCSM to

Zr isotopes, particularly heavy exotic ones. The
Hamiltonian of the present work is constructed from
existing ones, so as to reduce ambiguities. The JUN45
Hamiltonian is used for the orbits, 0g9=2 and below it [41].
The SNBG3 Hamiltonian [42] is used for the T ¼ 1
interaction for 0g7=2, 1d5=2;3=2, 2s1=2, and 0h11=2. Note that
the JUN45 and SNBG3 interactions were obtained by
adding empirical fits to microscopically derived effective
interactions [41,42]. The VMU interaction [43] is taken for
the rest of the effective interaction. The VMU interaction
consists of the central part given by a Gaussian function in
addition to the π- and ρ-meson exchange tensor force [43].
The parameters of the central part were fixed from
monopole components of known SM interactions [43].
The T ¼ 0 part of the VMU interaction is kept unchanged
throughout this work. The T ¼ 1 central part is reduced by
a factor of 0.75 except for 1f7=2 and 2p3=2 orbits. On top of
this, T ¼ 1 two-body matrix elements for 0g9=2 and above
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the wave functions is large and associated with a smooth
shape change. We suggest that this fact is related to the
sudden onset of deformation at N ¼ 60, and that a larger
mixing would give rise to a more gradual transition from a
spherical to a deformed ground state in Sr isotopes.
Information on intrinsic quadrupole properties of indi-

vidual states can be obtained from experimentally deter-
mined matrix elements using the quadrupole sum rule
approach [30,45]. This method relates E2 matrix elements
to deformation parameters Q (overall deformation) and δ
(deviation from axial symmetry, with δ ¼ 0 for maximum
triaxiality) by constructing quadrupole invariants hQ2i and
hQ3 cosð3δÞi. In 98Sr, an abrupt change in deformation is
observed between the ground state [hQ2i ¼ 1.30ð4Þ e2b2]
and the low-lying 0þ2 state [hQ2i ¼ 0.38ð2Þ e2b2]. Since
the matrix elements connecting the 0þ1 state to the 2þ2;3 states
in 96Sr are unknown, the hQ2i value of 0.22(4) e2b2 for this
nucleus constitutes a lower limit. We note, however, that in
the well-studied N ¼ 58 isotone 100Mo [43], higher-lying
2þ states have a minor influence (2%) on the final value of
hQ2i. The behavior of the hQ2i deformation parameters is
consistent with what is obtained for the spectroscopic
quadrupole moments: the deformation of the ground state
in 96Sr and the low-lying 0þ2 state in 98Sr is similar,
supporting the scenario in which these two configurations
interchange atN ¼ 60. The triaxiality parameters hcosð3δÞi
for 0þ1;2 states in

98Sr are both equal to 0.46(13) and suggest
a prolate deformation with a large contribution of the
triaxial degree of freedom corresponding to γ̄ ≃ δ̄ ¼
1=3 arccoshcosð3δÞi ¼ 20°. In view of the similarity
between the 0þ2 state in 98Sr and the 0þ1 state in 96Sr,
one can speculate on a significant contribution of the
triaxial degree of freedom for the 96Sr ground state, that
could explain the reduction of the 2þ1 spectroscopic quadru-
pole moment as compared to the deformation deduced
from the BðE2; 2þ → 0þÞ value.

We have performed extensive beyond-mean-field
calculations using the Gogny D1S interaction in a
five-dimensional collective Hamiltonian (5DCH) formal-
ism [46–49] for the 96Sr and 98Sr isotopes in order to
interpret the experimental results. The comparison of
experimental and theoretical BðE2Þ and Qs values are
summarized in Fig. 2, Table I, and Table II. The calculated
excited states were grouped into band structures (GSB, A,
B) as shown in Fig. 2 according to the evolution of their
spectroscopic quadrupole moments with spin, the K com-
position of the wave function, and the reduced transition
probabilities between states. The experimental spectro-
scopic quadrupole moment of the 2þ1 state in 96Sr, equal
to −22þ33

−31 e fm2, is in agreement with the very small
calculated value Qs ¼ −5.6 e fm2. The calculated
BðE2; 2þ1 → 0þ1 Þ and BðE2; 0þ2 →2þ1 Þ are significantly
higher than the experimental values. The calculations
predict, in general, higher collectivity between states than
experimentally measured as previously observed for the Kr
isotopes with a symmetry-conserving configuration mixing
method using the Gogny force [50]. Two excited bands
(A, B) are predicted above the low-lying 0þ2 state. In the
excited band (B), the large BðE2Þ values are not associated
with a large axial deformation as indicated by the small
spectroscopic quadrupole moments. This band is predicted
to have a large contribution from the triaxial degree of
freedom with a K ¼ 0 component below 50%. It has been
shown that the triaxial degree of freedom is a key element
in the description of neighboring nuclei [5,50]. The excited
band (A) is slightly more deformed with a larger contri-
bution of K ¼ 0. Unfortunately, experimental data con-
cerning higher-lying levels in 96Sr are not yet available,
which does not allow us to verify these predictions.
Similarly, the continuous increase in the quadrupole defor-
mation of the ground-state band, predicted in calculations,
awaits experimental verification.

FIG. 2. Comparison between the theoretical and experimental level schemes of 96Sr (left) and 98Sr (right). The excitation energies (in
keV) are given in brackets. The widths and labels of the arrows represent the measured and calculated BðE2Þ in e2b2. The measured and
calculated spectroscopic quadrupole moments are given in efm2 next to each state.
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Spectroscopic Quadrupole Moments in 96;98Sr: Evidence for Shape Coexistence
in Neutron-Rich Strontium Isotopes at N ¼ 60
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Neutron-rich 96;98Sr isotopes have been investigated by safe Coulomb excitation of radioactive beams at
the REX-ISOLDE facility. Reduced transition probabilities and spectroscopic quadrupole moments have
been extracted from the differential Coulomb excitation cross sections. These results allow, for the first
time, the drawing of definite conclusions about the shape coexistence of highly deformed prolate and
spherical configurations. In particular, a very small mixing between the coexisting states is observed,
contrary to other mass regions where strong mixing is present. Experimental results have been compared to
beyond-mean-field calculations using the Gogny D1S interaction in a five-dimensional collective
Hamiltonian formalism, which reproduce the shape change at N ¼ 60.
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Throughout the nuclear chart, ground-state properties
such as nuclear radii and shapes tend to evolve gradually as
a function of the nucleon number. However, interactions
between nucleons in an effective mean field may cause a
sudden rearrangement of the entire nucleus when few
protons or neutrons are added, leading to a strong shell
closure or a rapid onset of deformation. One of the major
challenges in modern nuclear structure studies is to fully
understand and describe these abrupt transitions that result
from the delicate interplay between macroscopic (i.e.,

liquid droplike) properties and microscopic (i.e., shell
structure) effects in nuclear matter.
Dramatic shape changes are often interpreted as a result

of an inversion of two distinct quantum configurations of
nucleons associated with different nuclear shapes. These
structures may coexist at low excitation energy, as
observed, for example, in Pb [1], Hg [2], and Kr [3]
isotopes. Systematic studies of transition strengths and
quadrupole moments in the 182–188Hg [4] and 74–76Kr [3,5]
have revealed that both structures tend to strongly mix,
which results, for example, in an almost constant excitation
energy of the first 2þ state in 182–188Hg. The mixing,
reflected both in level energies and transition probabilities,
is most prominent when the configurations invert and
makes the change of the ground state properties more
gradual.

Published by the American Physical Society under the terms of
the Creative Commons Attribution 3.0 License. Further distri-
bution of this work must maintain attribution to the author(s) and
the published article’s title, journal citation, and DOI.
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A search for shape isomers in the 66Ni nucleus was performed, following old suggestions of various
mean–field models and recent ones, based on state-of-the-art Monte Carlo shell model (MCSM), all
considering 66Ni as the lightest nuclear system with shape isomerism. By employing the two-neutron
transfer reaction induced by an 18O beam on a 64Ni target, at the sub-Coulomb barrier energy of 39 MeV, all
three lowest-excited 0þ states in 66Ni were populated and their γ decay was observed by γ-coincidence
technique. The 0þ states lifetimes were assessed with the plunger method, yielding for the 0þ2 , 0

þ
3 , and 0þ4

decay to the 2þ1 state the BðE2Þ values of 4.3, 0.1, and 0.2 Weisskopf units (W.u.), respectively. MCSM
calculations correctly predict the existence of all three excited 0þ states, pointing to the oblate, spherical,
and prolate nature of the consecutive excitations. In addition, they account for the hindrance of the E2
decay from the prolate 0þ4 to the spherical 2þ1 state, although overestimating its value. This result makes
66Ni a unique nuclear system, apart from 236;238U, in which a retarded γ transition from a 0þ deformed state
to a spherical configuration is observed, resembling a shape-isomerlike behavior.

DOI: 10.1103/PhysRevLett.118.162502

The concept of potential energy surface (PES) is central
in many areas of physics. Usually, the PES displays the
potential energy of the system as a function of its geometry.
As an example, the PES of a molecule expressed in such
coordinates as bond length, valence angles, etc., can be
used for finding the minimum energy shape or calculating
chemical reaction rates [1]. The idea of potential energy
surface in deformation space has also been widely applied
to the nucleus at a given spin. For an even-even nucleus at
spin 0, the lowest PES minimum corresponds to the ground
state (g.s.), while there may exist additional (secondary)
minima in which excited 0þ states can reside: they can be
interpreted as ground states of different shapes [2–6]. When
a secondary minimum is separated from the main minimum
by a high barrier, in the extreme case a long-lived isomer,
called shape isomer, can be formed [7]. Shape isomerism at
spin zero, so far, has clearly been observed only in actinide
nuclei - these isomers decay mainly by fission, and in

two cases only, 236U and 238U, by very retarded γ-ray
branches [8–11].
The existence of shape isomers in lighter systems has

been a matter of debate for a long time. Already in the
1980s, a study based on microscopic Hartree-Fock plus
BCS calculations, in which a large number of nuclei was
surveyed, identified ten isotopes in which a deformed 0þ

state is separated from a spherical structure by a signifi-
cantly high barrier: 66Ni and 68Ni, 190;192Pt, 206;208;210Os,
and 194;196;214Hg [12]. Other investigations [13,14], which
used a nonaxial Hartree-Fock-Bogoliubov approach,
selected a rather restricted number of candidates, among
which the lightest were 66;68Ni, 74;76Kr, 78;80;98Sr,
80;82;100Zr, and 86Mo. Quite recently, Möller et al. [15]
presented a global study of potential energy surfaces in
7206 nuclei from A ¼ 31 to A ¼ 290 by employing a
well-benchmarked macroscopic-microscopic finite-range
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liquid-drop model [16]. Here, secondary PES minima at
spin 0 were found in a few tens of nuclei, among which
66Ni was also present. To summarize, 66Ni is the lightest
system for which all three models, discussed above, suggest
the existence of a pronounced secondary PES minimum
which may give rise to shape isomerism.
Recently, state-of-the-art shell model calculations became

capable of calculating shape coexistence in nuclei with
masses A ¼ 60–100 [17–22]. In particular, it became pos-
sible to assess transition probabilities between states of
different shapes, and to search for retarded decays which
would be the signature of a shape-isomerlike structure.
Monte Carlo shell model (MCSM) studies [23–26] have
been performed for the neutron-rich 68–78Ni isotopes and
coexistence of low-lying spherical, oblate, and strongly
deformed prolate shapes has been found in 68Ni and 70Ni
[17,18]. A significant hindrance for the E2 transition
deexciting the prolate deformed 0þ state was predicted in
68Ni only. On the experimental side, the lifetimes of the
supposedly well-deformed prolate 0þ states, located at 2511
and 1567 keV in 68Ni [27,28] and 70Ni [29,30], respectively,
were assessed in a very recent β-decay study of 68Co and
70Co [31].Nohindrancewas observed in both cases, pointing
to a substantial mixing (or a low potential barrier) between
deformed and spherical configurations in 68Ni and 70Ni
isotopes.
At this point, we turned our attention to 66Ni, for which

mean-field calculations already predicted a secondary PES
deep minimum [12–16]. We performed new theoretical and
experimental studies of 66Ni low-lying states, with a particular
focus on 0þ states. The theoretical investigation was carried
out within the Monte Carlo shell model [23–26], using the
same Hamiltonian and model space as the ones previously
employed for 68–78Ni [17]. Figure 1 shows the potential energy
surface of 66Ni, obtained similarly to Refs. [17,18,32].
In comparison with 68Ni, the barrier height is similar, but
the prolate minimum is lower in 66Ni, due to stronger p − n
interaction coming from more neutron holes in the N ¼ 40
closed shell. As a consequence, a more strict hindrance to the
decay to themain spherical minimum, from the prolate one, is
expected in 66Ni. The circles on the plot of Fig. 1 indicate the
intrinsic quadrupole moments of a given basis vector of the
MCSM eigenstate, and their size implies the overlap proba-
bility of this basis vector with the eigenwave function [17,18].
In Fig. 1, the circles are concentrated in spherical (0þ1 and

0þ3 ), oblate (0þ2 ), and prolate (0þ4 ) domains, with β2 ≈ 0.0,
−0.2, and 0.3, respectively. While the local minimum in the
prolate domain is profound, due to a shell evolution of type II
[18], the one in the oblate domain is very shallow, being
almost a shoulder.
With respect to the 0þ1 state, the 0þ2;4 states are found to be

composed of sizable excitations of protons, from f7=2 to
f5=2 and p3=2;1=2, as well as neutrons, from f5=2 and p3=2;1=2

to g9=2 and d5=2. In the 0þ2 state, ∼1 proton and ∼1.5

neutrons are excited, whereas these numbers are doubled in
the 0þ4 state. This large difference in particle-hole excita-
tions leads to very different deformations between 0þ2 and
0þ4 states. On the contrary, the 0þ1;3 and 2þ1 states have
similar occupation numbers, being spherical.
The reduced probabilities for E2 transitions deexciting

the 0þ2 oblate, 0þ3 spherical, and 0þ4 prolate states to the
spherical 2þ1 state are 4.1, 0.01, and 0.006 Weisskopf units
(W.u.), respectively. While the retardation of the 0þ4 decay
arises from the prolate to spherical shape change, the
hindrance of the spherical 0þ3 decay is caused by cancella-
tion effects in the E2 transition matrix elements due to
different structures within spherical states.
Experimentally, a first inspection of 66Ni data, established

prior to our study, already shows remarkable features in line
with theMCSMcalculations: three excited 0þ states (out of a
total of 6 excitations below 3 MeV) have been located at
2444, 2664, and 2965 keV by using a (t,p) reaction [33]. Out
of those, the first two were confirmed by the discrete γ-ray
studies of [27,34,35] and their energieswere determinedwith
higher precision at 2443 and 2671 keV. On the contrary, the
0þ4 state was not observed. We propose that these three 0þ

excited states correspond to the three0þ excitations predicted
by theMCSMcalculations at 1971 (oblate), 2596 (spherical),
and 3296 keV (prolate), respectively [see Figs. 2(d) and (e)].
This experiment-theory correspondence is supported by two
independent observations: (i) both experiment [27,35,36]
and MCSM calculations show that, out of the four 0þ states
in 66Ni, the β decay of the 1þ ground state of 66Co feeds only
the spherical ground state and the 0þ3 state, what points to
similarly spherical (although configuration-wise different)
structures of these two states; (ii) in the (t,p) reaction study
[33], the population of the 0þ2 and 0þ3 states is strongly

FIG. 1. Potential energy surface (PES) for the lowest 0þ states
of 66Ni, as a function of prolate and oblate quadrupole moments.
Circles on the PES represent shapes in the MCSM basis vectors:
white (orange) circles for 0þ1 (0þ3 ) spherical states, green (red) for
0þ2 oblate (0þ4 prolate) states, respectively.
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The quadrupole collectivity of low-lying states and the anomalous behavior of the 0+
2 and 2+

3 levels in 
72Ge are investigated via projectile multi-step Coulomb excitation with GRETINA and CHICO-2. A total 
of forty six E2 and M1 matrix elements connecting fourteen low-lying levels were determined using 
the least-squares search code, gosia. Evidence for triaxiality and shape coexistence, based on the 
model-independent shape invariants deduced from the Kumar–Cline sum rule, is presented. These are 
interpreted using a simple two-state mixing model as well as multi-state mixing calculations carried out 
within the framework of the triaxial rotor model. The results represent a significant milestone towards 
the understanding of the unusual structure of this nucleus.

© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

The structure of low-lying states in even–even Ge isotopes has 
been the subject of intense scrutiny for many years due to the 
inherent challenge of interpreting their systematics as a function 
of mass A. These nuclei possess at least one excited 0+ state in 
their low-energy spectrum that differs from the ground state in 
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its properties. Systematically, the energy of the 0+
2 level varies 

parabolically with A and reaches a minimum in 72Ge, where it 
becomes the first excited state. The existence of even-mass nuclei 
with a Jπ = 0+ first excited state is an uncommon phenomenon 
which, to date, has been observed in only a few nuclei located 
near or at closed shells: 16O [1], 40Ca [2,3], 68Ni [4,5], 90Zr [6], 
180,182Hg [7–9], 184,186,188,190,192,194Pb [10–15]. There are also ex-
amples of such nuclei where a subshell appears to play a role 
similar to a closed shell such as 96,98Zr [16,17]. These cases have 
all been explained as resulting from shape coexistence due to the 
presence of intruder configurations; i.e., configurations involving 
the excitation of at least one pair of nucleons across a shell or 
subshell energy gap [18].

The structure of 72Ge is highly unusual in that this nucleus is 
far from closed shells and, yet, possesses a 0+ first excited state. It 
shares this distinction with only two other known nuclei: 72Kr [19]

http://dx.doi.org/10.1016/j.physletb.2016.01.036
0370-2693/© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
SCOAP3.
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▸ Monte Carlo Shell Model (MCSM) ⟹ Excellent reproduction of 

experimental data, also around N = 60 

▸ Use of T-Plots for a direct calculation of the nuclear shape: 

▸ Quantum Phase Transition (QPT): 

▸ Control Parameter ⟹ Neutron number 

▸ “Macroscopic” Quantity ⟹ Shape

Quantum Phase Transition
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Zirconium Isotopes (Z = 40)
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Quantum Phase Transition in the Shape of Zr isotopes
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The rapid shape change in Zr isotopes near neutron number N ¼ 60 is identified to be caused by type II
shell evolution associated with massive proton excitations to its 0g9=2 orbit, and is shown to be a quantum
phase transition. Monte Carlo shell-model calculations are carried out for Zr isotopes of N ¼ 50–70 with
many configurations spanned by eight proton orbits and eight neutron orbits. Energy levels and BðE2Þ
values are obtained within a single framework in good agreement with experiment, depicting various
shapes in going from N ¼ 50 to 70. The novel coexistence of prolate and triaxial shapes is suggested.
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The shape of the atomic nucleus has been one of the
primary subjects of nuclear structure physics [1], and
continues to provide intriguing and challenging questions
in going to exotic nuclei. One such question is the
transition from spherical to deformed shapes as a function
of the neutron (proton) number N (Z), referred to as shape
transition. The shape transition is visible in the system-
atics of the excitation energies of low-lying states, for
instance, the first 2þ levels of even-even nuclei: it turns
out to be high (low) for spherical (deformed) shapes [1–3].
A shell model (SM) calculation is suited, in principle, for
its description, because of the high capability of calculat-
ing those energies precisely. On the other hand, since the
nuclear shape is a consequence of the collective motion of
many nucleons, the actual application of the SM encoun-
tered some limits in the size of the calculation.
In this Letter, we present results of large-scale

Monte Carlo shell model (MCSM) calculations [4] on
even-even Zr isotopes with a focus on the shape transition
from N ¼ 50 to N ¼ 70, e.g., Ref. [5]. Figure 1(a) shows
that the observed 2þ1 level moves up and down within the
1–2 MeV region for N ¼ 50–58, whereas it is quite low
(∼0.2 MeV) for N ≥ 60 [6–16]. Namely, a sharp drop by a
factor of ∼6 occurs at N ¼ 60, which is consistent with the
corresponding BðE2Þ values shown in Fig. 1(c). These
features have attracted much attention, also because no
theoretical approach seems to have reproduced those rapid
changes covering both sides. More importantly, an abrupt
change seems to occur in the structure of the ground state as
a function of N, which can be viewed as an example of the
quantum phase transition (QPT), satisfying its general
definition to be discussed [17,18]. This is quite remarkable,
as the shape transition is, in general, rather gradual. In
addition, there is much interest in those Zr isotopes from
the viewpoint of the shape coexistence [19].

The advanced version of MCSM [26,27] can cover all
Zr isotopes in this range of N with a fixed Hamiltonian,
when taking a large model space, as shown in Table I. The
MCSM, thus, resolves the difficulties of conventional
SM calculation, where the largest dimension reaches
3.7 × 1023, much beyond its current limit. Note that no
truncation on the occupation numbers of these orbits is
made in the MCSM. The structure of Zr isotopes has been
studied by many different models and theories. For in-
stance, a recent large-scale conventional SM calculation
showed a rather accurate reproduction of experimental data
up to N ¼ 58, whereas it was not extended beyond N ¼ 60
[28]. The 2þ1 levels have been calculated in a wider range in
interacting boson model (IBM) calculations, although the
aforementioned rapid change is absent [29,30]. Some
other works were restricted to deformed states [5,31,32],
or indicated gradual shape changes [33–40].
It is, thus, very timely and needed to apply the MCSM to

Zr isotopes, particularly heavy exotic ones. The
Hamiltonian of the present work is constructed from
existing ones, so as to reduce ambiguities. The JUN45
Hamiltonian is used for the orbits, 0g9=2 and below it [41].
The SNBG3 Hamiltonian [42] is used for the T ¼ 1
interaction for 0g7=2, 1d5=2;3=2, 2s1=2, and 0h11=2. Note that
the JUN45 and SNBG3 interactions were obtained by
adding empirical fits to microscopically derived effective
interactions [41,42]. The VMU interaction [43] is taken for
the rest of the effective interaction. The VMU interaction
consists of the central part given by a Gaussian function in
addition to the π- and ρ-meson exchange tensor force [43].
The parameters of the central part were fixed from
monopole components of known SM interactions [43].
The T ¼ 0 part of the VMU interaction is kept unchanged
throughout this work. The T ¼ 1 central part is reduced by
a factor of 0.75 except for 1f7=2 and 2p3=2 orbits. On top of
this, T ¼ 1 two-body matrix elements for 0g9=2 and above
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matrix. This gives us the three axes of the ellipsoid with
quadrupole momenta Q0 and Q2 in the usual way [2]. One
can then plot this MCSM basis vector as a circle on
the potential energy surface (PES), as shown in Fig. 2. The
overlap probability of this MCSM basis vector with the
eigenstate is indicated by the area of the circle. Thus, one
can pin down each MCSM basis vector on the PES
according to its Q0 and Q2 with its importance by the
area of the circle. Note that the PES in Fig. 2 is obtained by
constrained HF calculation for the same SM Hamiltonian,
and is used for the sake of an intuitive understanding of
MCSM results. This method, called a T-plot [46,47],
enables us to analyze SM eigenstates from the viewpoint
of intrinsic shape. Figure 2(a) shows that the MCSM basis
vectors of the 0þ1 state of 98Zr are concentrated in a tiny
region of the spherical shape, while its 0þ2 state is composed
of basis vectors of prolate shape with Q0 ∼ 350 fm2 [see
Fig. 2(b)]. A similar prolate shape dominates the 0þ1 state of
100Zr with slightly larger Q0, as shown in Fig. 2(c). We
point out the abrupt change of the ground-state property
from Fig. 2(a) to 2(c), and will come back to this point later.
The T-plot shows stable prolate shape for the 0þ1 state from
100Zr to 110Zr [see Fig. 2(d)].
Figure 1(c) displays BðE2; 2þ1 → 0þ1 Þ values, with small

values up to N ¼ 58 and a sharp increase at N ¼ 60,
consistent with experiment [13,20–23]. The effective
charges ðep; enÞ ¼ ð1.3e; 0.6eÞ are used. Because the
BðE2; 2þ1 → 0þ1 Þ value is a sensitive probe of the quadru-
pole deformation, the salient agreement here implies that
the present MCSM calculation produces quite well the
shape evolution as N changes. In addition, theoretical and
experimental BðE2; 2þ2 → 0þ2 Þ values are shown for
N ¼ 54 [24] and 56. The value for N ¼ 56 has been
measured by experiment, discussed in the following Letter
[25], as an evidence of the shape coexistence in 96Zr. The
overall agreement between theory and experiment appears
to be remarkable. It is clear that the 2þ2 → 0þ2 transitions at
N ¼ 54 and 56 are linked to the 2þ1 → 0þ1 transitions in
heavier isotopes, via 2þ1 → 0þ2 transition at N ¼ 58.
Figure 1(d) shows the deformation parameter β2 [1].

The results of IBM [30], HFB [34], and FRDM [38]
calculations are included, exhibiting much more
gradual changes. The MCSM values are obtained from
BðE2; 2þ1 → 0þ1 Þ.

The systematic trends indicated by the 2þ1 level, the ratio
R4=2, the BðE2; 2þ1 → 0þ1 Þ value (or β2), and the T-plot
analysis are all consistent among themselves and in agree-
ment with relevant experiments. We can, thus, identify the
change between N ¼ 58 and 60 as a QPT, where in general
an abrupt change should occur in the quantum structure of
the ground state for a certain parameter [17,18]. The
parameter here is nothing but the neutron number N,
and the transition occurs from a “spherical phase” to a
“deformed phase.” Figure 1(b) demonstrates that the 0þ1
state is spherical up to N ¼ 58, but the spherical 0þ state is
pushed up to the 0þ4 state at N ¼ 60, where the prolate-
deformed 0þ state comes down to the ground state from the
0þ2 state at N ¼ 58. This sharp crossing causes the present
QPT. The discontinuities of various quantities, one of
which can be assigned the order parameter, at the crossing
point imply the first-order phase transition. The shape
transition has been noticed in many chains of isotopes and
isotones, but appears to be rather gradual in most cases, for
instance, from 148Sm to 154Sm. The abrupt change in the
Zr isotopes is exceptional.
We comment on the relation between the QPT and the

modifications of the interaction mentioned above. Without
them, the 2þ1 level is still ∼0.2 MeV at N ¼ 60 close to
Fig. 1(a), while at N ¼ 58 it is higher than the value in
Fig. 1(a). Thus, the present QPT occurs rather insensitively
to the modifications, whereas experimental data can be
better reproduced by them.
We now discuss the origin of such abrupt changes.

Figure 3(a) displays the occupation numbers of proton
orbits for the 0þ1;2 states of 98Zr, the 0þ1 state of 100Zr and
the 0þ1;2 states of

110Zr. From the spherical 0þ1 to prolate 0þ2
states of 98Zr, the occupation number of the proton 0g9=2
increases from 0.4 to 3.5, while those of the pf-shell orbits
decrease. The proton 0g9=2 orbit is more occupied in the
prolate 0þ1 state of 100;110Zr.
Figure 3(b) shows effective single-particle energies

(ESPE) of neutron orbits calculated with the occupation
numbers of the SM eigenstates, shown in Fig. 3(a) (see
Refs. [46,47] for explanations). At a glance, one notices
that the ESPEs from 2s1=2 to 0g7=2 are distributed over a
range of 4 MeV for the 0þ1 state of 98Zr, but are within
2 MeV for the prolate states, such as 0þ2 of 98Zr, 0þ1 of
100Zr, and 0þ1 of 110Zr. We notice also a massive (3.5–5.5)

FIG. 2. T-plots for 0þ1;2 states of 98;100;110Zr isotopes.
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Spherical-Oblate Shape Coexistence in 94Zr and the SPIDER Coulomb-Excitation Campaign at LNLINFN
▸ Interacting Boson Model with Configuration Mixing (IBM-CM) ⟹ 

Excellent reproduction of experimental data, also around N = 60 

▸ Two Intertwined Quantum Phase Transitions (IQPTs) exist in the Zr 
isotopic chain, appearing in the first two 0+ states: 

▸ As in MCSM, the mixing between the coexisting 0+ states is weak 

▸ At variance with MCSM, the ground state for N < 60 (02+ state for 
N > 60) is always U(5)-like (i.e., weakly deformed)

Intertwined Quantum Phase Transitions
N. GAVRIELOV, A. LEVIATAN, AND F. IACHELLO PHYSICAL REVIEW C 105, 014305 (2022)

E

(a) 0+
A

E

(b)

0+
A

0+
B

Nucleon number

E

(c)

0+
A

0+
B

FIG. 1. Schematic illustration for the evolution with nucleon
number of energies (in arbitrary units) of the lowest 0+ states of one
or two configurations, A and B. (a) Type I QPT: shape changes within
a single configuration (small and large circles denote weak and strong
deformation, respectively). (b) Type II QPT: coexisting and possibly
crossing of two configurations, usually, with strong mixing. The
dashed lines depict the mixing, as in a two states mixing scenario.
(c) IQPTs: abrupt crossing of two configurations, with weak mixing,
accompanied by a pronounced gradual shape evolution within each
configuration.

polarization effect is enabled and single-particle orbitals at
higher configurations are lowered near the ground state con-
figuration, effectively reversing their order.

Although the two types of QPTs are usually discussed
separately, we note that, as the control parameters (ξA, ξB,ω)
in Eq. (2) are varied, each of the Hamiltonians ĤA and
ĤB can undergo a separate shape-phase transition of Type
I, and the combined Hamiltonian can experience a Type
II QPT in which there is a crossing of configurations A
and B.

In most cases encountered in nuclei, the separate Type
I QPTs are masked by the strong mixing between the two
configurations. In this paper, we present a situation where
the Type I QPTs are distinguished. This is achieved in a
situation where within the Type II QPT the mixing between
the configurations is weak and as a consequence one can
identify the Type I QPT within each configuration separately.
This results in an intricate interplay of intertwined quantum
phase transitions (IQPTs) [8,9], depicted schematically in
Fig. 1(c). One can see the energies of the lowest 0+ state
in each configuration cross while also their individual shapes
evolve.

B. The zirconium isotopes

There are several regions in the nuclear chart that are
considered to accommodate mixed configurations. One of
them is the Z ≈ 40, A ≈ 100 region, with coexisting spher-
ical and deformed configurations. The spherical configuration
seems to dominate the ground state wave function for neutron
number 50–58 and the deformed configuration dominates for
neutron number larger than 58 [7,10–14] due to a sudden onset
of deformation at neutron number 60. The sudden onset of
deformation has been ascribed in the shell model to Vpn be-
tween nucleons that occupy the π (1g9/2)–ν(1g7/2) spin-orbit
partners [7,10,11,15], which induces the normal and intruder
configurations to cross. The crossing arises from promotion of
protons across the Z = 40 subshell gap, which creates 2p-2h
intruder excitations [7,16].

These dramatic structural changes have attracted consid-
erable theoretical and experimental interest in the Zr chain.
Different theoretical approaches have been used to study
them, including mean-field based methods, both nonrelativis-
tic [17,18] and relativistic [19], large-scale shell-model calcu-
lations [20,21], the Monte-Carlo shell model (MCSM) [22],
and algebraic models [8,9,23,24]. Recently, several exper-
imental investigations have also come to light [25–33],
opening the door for understanding the properties of both yrast
and non-yrast states.

In the present paper, we expand our work from [8,9] and
explain how the indication for changes in the content of
configuration and the amount of deformation suggests the
occurrence of IQPTs in the zirconium isotopes. This is done
by presenting a detailed comparison between our calculation
and the empirical data for many observables. This comparison
is further supported by analyzing the chain’s configuration
and symmetry content of the wave functions and the shape
evolution.

C. Layout

The paper is divided into the following sections. In Sec. II
we introduce the theoretical framework, which includes the
interacting boson model (IBM), its geometric interpretation
and Type I QPTs (Sec. II A), and the IBM with configura-
tion mixing, its geometric interpretation and Type II QPTs
(Sec. II B). In Sec. III we discuss QPTs in the zirconium chain,
where we present the model space (Sec. III A), the Hamilto-
nian and its energy surface (Sec. III B), and the configuration
and symmetry assignment for the wave functions (Sec. III C).

Our results are divided into three main sections. In Sec. IV
we present our results for the individual isotopes, which in-
clude spectrum analysis and decomposition of wave functions.
This section is further partitioned into the 92–96Zr region
(Sec. IV A), the 98–102Zr region (Sec. IV B) and the 104–110Zr
region (Sec. IV C). In Sec. V we present our results for the
configuration (Sec. V A) and symmetry (Sec. V B) evolu-
tion of wave functions and the evolution of order parameters
(Sec. V C). In Sec. VI we present a classical analysis for
each isotope. In Sec. VII we present our results for the
evolution of more observables. This includes energy levels
(Sec. VII A), two-neutron separation energies (Sec. VII B), E2
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The zirconium isotopes with A = 92–110 have one of the most complicated evolution of structure in the
nuclear chart. In order to understand the structural evolution of these isotopes, we carry a detailed calculation in
a definite symmetry-based framework, the interacting boson model with configuration mixing (IBM-CM). We
compare our calculation to a large range of experimental data, such as energy levels, two-neutron separation
energies, E2 and E0 transition rates, isotope shifts, and magnetic moments. The structural evolution of the low
lying spectra of these isotopes is explained using the notion of intertwined quantum phase transitions (IQPTs),
for which a QPT involving a crossing of two configurations (Type II) is accompanied by a QPT involving a
shape evolution of each configuration separately (Type I). In our study, we find the occurrence of Type I QPT
within the intruder configuration, changing from weakly deformed to prolate deformed and finally to γ -unstable,
associated with the U(5), SU(3) and SO(6) dynamical symmetry limits of the IBM, respectively. Alongside the
Type I QPT, we also find the occurrence of Type II QPT between the normal and intruder configurations, where
both Types I and II have a critical point near A ≈ 100. The good agreement of our calculation with the vast
empirical data along the chain of isotopes demonstrates the relevance of IQPTs to the zirconium isotopes, and
can serve as a case study to set path for new investigations of IQPTs in other nuclei and other physical systems.
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I. INTRODUCTION

A. Intertwined quantum phase transitions (IQPTs)

Quantum phase transitions (QPTs) [1,2] have been the
subject of great interest for many years in atomic nuclei [3]
and in other fields [4]. These are structural changes in a system
induced by variations of coupling constants in its quantum
Hamiltonian. In atomic nuclei, two types of QPTs are mainly
encountered. The first describes shape phase transitions in
a single configuration as the number of nucleons is varied.
We denote this QPT as Type I. One common approach for
investigating Type I QPTs is by using Hamiltonians composed
of two different parts,

Ĥ = (1 − ξ )Ĥ1 + ξ Ĥ2. (1)

As the control parameter ξ varies from 0 to 1, the equilibrium
shape and symmetry of the Hamiltonian vary from those of
Ĥ1 to those of Ĥ2. Type I QPT has been established in the
neutron number 90 region for Nd-Sm-Gd-Dy isotopes, where
the shape of the nuclei evolves from spherical to deformed.
Such an evolution in deformation is portrayed schematically
in Fig. 1(a), where the size of the circles depicts the amount
of deformation. From a shell-model perspective, when few nu-
cleons interact within a single configuration, low-lying levels
of nuclei exhibit characteristics of single-particle excitations,
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with a seniority-like structure and weak collectivity. This is
denoted by small circles in Fig. 1(a). As nucleons are added,
they drive collective modes of excitations and onset of defor-
mation in the ground state, which lowers its energy. This is
denoted by large circles in Fig. 1(a).

A different type of phase transitions occurs when two (or
more) configurations coexist [5]. We denote this QPT as Type
II. In this case, the quantum Hamiltonian has a matrix form [6]

Ĥ =
[

ĤA(ξA) Ŵ (ω)

Ŵ (ω) ĤB(ξB)

]
, (2)

given here for two configurations, where the indices A and
B denote the two configurations and Ŵ denotes their cou-
pling. In such cases, the wave function of the ground state is
composed of mixed configurations and evolves from having
a dominant component of one configuration to another. Type
II QPT has been established in nuclei near shell closure,
e.g., in the light Pb-Hg isotopes, with strong mixing between
the configurations. Such QPT is depicted schematically for
two configurations in Fig. 1(b). The ground state starts with
having a single dominant configuration in its wave function.
As nucleons are added, it becomes more mixed with an ex-
cited configuration and at some point the latter dominates the
ground state.

Such a scenario follows when protons and neutrons, oc-
cupying spin-orbit partner orbitals, interact via the residual
isoscalar proton-neutron interaction, Vpn [7], where the result-
ing gain in n-p interaction energy can compensate the loss
in single-particle and pairing energy. Consequently, a mutual
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Such an evolution in deformation is portrayed schematically
in Fig. 1(a), where the size of the circles depicts the amount
of deformation. From a shell-model perspective, when few nu-
cleons interact within a single configuration, low-lying levels
of nuclei exhibit characteristics of single-particle excitations,

*noam.gavrielov@yale.edu
†ami@phys.huji.ac.il
‡francesco.iachello@yale.edu

with a seniority-like structure and weak collectivity. This is
denoted by small circles in Fig. 1(a). As nucleons are added,
they drive collective modes of excitations and onset of defor-
mation in the ground state, which lowers its energy. This is
denoted by large circles in Fig. 1(a).

A different type of phase transitions occurs when two (or
more) configurations coexist [5]. We denote this QPT as Type
II. In this case, the quantum Hamiltonian has a matrix form [6]

Ĥ =
[

ĤA(ξA) Ŵ (ω)

Ŵ (ω) ĤB(ξB)

]
, (2)

given here for two configurations, where the indices A and
B denote the two configurations and Ŵ denotes their cou-
pling. In such cases, the wave function of the ground state is
composed of mixed configurations and evolves from having
a dominant component of one configuration to another. Type
II QPT has been established in nuclei near shell closure,
e.g., in the light Pb-Hg isotopes, with strong mixing between
the configurations. Such QPT is depicted schematically for
two configurations in Fig. 1(b). The ground state starts with
having a single dominant configuration in its wave function.
As nucleons are added, it becomes more mixed with an ex-
cited configuration and at some point the latter dominates the
ground state.

Such a scenario follows when protons and neutrons, oc-
cupying spin-orbit partner orbitals, interact via the residual
isoscalar proton-neutron interaction, Vpn [7], where the result-
ing gain in n-p interaction energy can compensate the loss
in single-particle and pairing energy. Consequently, a mutual
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FIG. 13. Contour plots in the (β, γ ) plane of the lowest eigenpotential surface, E−(β, γ ), for the 92–110Zr isotopes.

is close to 〈n̂d〉A for neutron numbers 52–58 and coincides
with 〈n̂d〉B at 60 and above, consistent with a high degree of
purity with respect to configuration-mixing. Configuration A
appears to be spherical for all neutron numbers considered.
In contrast, configuration B is weakly deformed for neutron
number 52–58 and becomes more deformed above 58. One
can see a clear jump in 〈n̂d〉0+

1
between neutron numbers 58

and 60, changing from configuration A to configuration B, in-
dicating a first-order configuration-changing phase transition
(Type II QPT). A further increase in 〈n̂d〉0+

1
at neutron numbers

60–64 indicates a U(5)-SU(3) shape-phase transition within
configuration B (Type I QPT), and, finally, there is a decrease
at neutron number 66, due in part to the crossover from SU(3)
to SO(6) and in part to the shift in configuration B from boson
particles to boson holes after the middle of the major shell
50–82. These findings further support the occurrence of two
configurations that are weakly mixed and interchange their
roles in the ground state while their individual shapes evolve
gradually with neutron number, i.e., intertwined Type I and II
QPTs.

VI. RESULTS: CLASSICAL ANALYSIS

In addition to the quantum analysis, the algebraic method
can perform also a classical analysis. In Fig. 13, we show the
calculated lowest eigenpotential E−(β, γ ), which is the lowest
eigenvalue of the two-by-two matrix (17), with elements given
in Eq. (23) for the entire chain of isotopes. These classical
potentials confirm the quantum results, as they show a tran-
sition from spherical (92–98Zr), to a double-minima potential
at 100Zr, to prolate axially deformed (102–104Zr), and finally to
γ -unstable (106–110Zr). At 100Zr, E−(β, γ ) exhibits two min-
ima, one at (β, γ ) = (0, 0) and one at (β, γ ) = (0.5617, 0),
separated by a saddle point at (β, γ ) = (0.3127, 0) that serves
as a barrier. In the limit of (β → ∞, γ = 0) the lowest
eigenpotential has the value of 2.9 MeV, while the height
of the barrier is 0.3 MeV, i.e., the potential is flat bottomed.
We further note that in the classical calculation the global
minimum is the spherical one, rather than the deformed one
as in the quantum analysis [see Figs. 6(c) and 6(d)]. This
demonstrates the difficulties in describing the dynamics near
the critical-point by mean field methods.

The classical analysis above and the quantum analysis of
Secs. IV and V suggest coexisting Type I and Type II QPTs,
which is the defining property of IQPTs.

VII. RESULTS: EVOLUTION OF OBSERVABLES
ALONG THE Zr CHAIN

In order to understand the change in structure of the Zr
isotopes, it is insightful to examine the evolution of observ-
ables along the chain. The observables include energy levels,
two-neutron separation energies, E2 and E0 transition rates,
isotope shifts, and magnetic moments.

A. Energy levels

In Fig. 14, we show a comparison between experimental
and calculated levels, along with assignments to configura-
tions based on Eq. (26) and to the closest dynamical symmetry
based on the decompositions of Eq. (24), for each state. One
can see here a rather complex structure. In the region between
neutron numbers 50 and 58, there appear to be two config-
urations, one spherical (seniority-like), A, and one weakly
deformed, B, as evidenced by the ratio R4/2 in each config-
uration, R(A)

4/2 = 1.6, 1.6, 1.76, 1.2 and R(B)
4/2 = 2.2, 2.8, 2, 2.7,

for neutron numbers 52, 54, 56, and 58, respectively. The
value R(B)

4/2 = 2.8 for 94Zr is somewhat larger, possibly as a
consequence of fluctuations due to the subshell closure at neu-
tron number 56. At neutron number 58, there is a pronounced
drop in energy for the states of configuration B, suggesting
a slight increase in deformation, where the 2+

1 becomes al-
ready a configuration B state. At neutron number 60, the two
configurations exchange their roles, indicating a Type II QPT.
This is evident from Fig. 10, showing the exchange in the
decomposition of the ground state 0+

1 from the A configuration
(a2 = 98.2%) in 98Zr to the B configuration (b2 = 87.2%) in
100Zr. At this stage, configuration B appears also to be close
to the critical point of a U(5)-SU(3) QPT, as evidenced by
the low value of the excitation energy of the 0+

3 state in 100Zr
[see Fig. 6(c)], which is the first excited 0+ state of the B
configuration (b2 = 92.9%). As pointed out in Sec. IV B, the
spectrum of states of the next isotope, 102Zr, resembles that of
the X(5) critical-point symmetry [60].
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Figure 53: Partial level schemes of 92,94,96,98,100Zr. The � decay of 0+ states is highlighted in red, with
red and blue arrows indicating measured � and E0 decay from 0+ states, with energies in keV and B(E2)
and ⇢

2(E0) values in W.u. and m.u., respectively (in italic). Dashed arrows indicate the continuation
of a band to higher spins (see Tab. 14 for details).

and 0+2 are rather well separated and do not mix. Unlike 96Zr, here the first excited state 2+1 is not
related to the structure of the ground state 0+1 , but belongs to the structure built on the 0+2 excitation.

This hypothesis is supported by the rather collective value of B(E2; 2+1 !0+2 ) measured, using the
plunger technique, by Singh et al., with EXOGAM+VAMOS in GANIL, as 28.3(64) W.u. [308], and
by Karayonchev et al., at the Cologne Tandem, as 11(+3

�2) [327]. The large B(E2) values of B(E2;
4+1 !2+1 ) and B(E2;4+1 !2+2 ), which were measured by Singh et al., as 43.3(8.7) and 67.5(13.5) W.u. ,
and by Karayonchev et al., as 25(+15

�7 ) and 38(+26
�13) W.u., respectively, as well as the results B(E2;6+1 !

4+1 )=103(36) W.u. (Singh et al.,) (Fig. 53), suggest the existence of a deformed, band-like structures
in 98Zr. Two scenarios were proposed to accommodate these experimental data: i) the four states: 0+3 ,
2+2 , 4

+
1 and 6+1 form a well-deformed rotational band based on the 0+3 state, while the 0+2 and 2+1 are the

lowest members of another moderately deformed structure built on the 0+2 . In such case, a large value
of B(E2; 4+1 !2+1 )=43.3 W.u. would indicate a significant mixing of the well-deformed structure with
the deformed configuration based on the 0+2 excitation. ii) The collective band consists of 0+2 , 2

+
1 , 4

+
1

and 6+1 states, while the 0+3 and 2+2 states are not involved.
The MCSM calculations fully support the proposed triple shape coexistence scenario in 98Zr with a

spherical 0+1 state, a prolate deformed 0+2 state, and a triaxial 0+3 state. The collectivity of the bands
built on the 0+2 and 0+3 states is well reproduced: B(E2; 2+1 !0+2 )=70 W.u. and B(E2; 4+1 ! 2+2 )=76
W.u., B(E2; 6+1 !4+2 )=87 W.u. However, the MCSM calculations do not predict correctly the strong
mixing of the two bands, giving B(E2; 4+1 ! 2+1 ) < 1 W.u. The E2 decay from the higher lying 0+4
state is hindered and to interpret this delay MCSM calculations for this state are needed.

The second scenario is more in line with a theoretical approach based on the interacting boson model
with configuration mixing (IBM-CM) [328, 329], which was recently used to describe the properties of
low-lying structures in the even-even Zr chain of isotopes. In this model, the normal A-configuration is
associated with only neutron boson pairs and no active protons above Z=40 sub-shell gap (i.e, proton
bosons number equals 0), while the intruder B-configuration corresponds to two-proton excitation from
below to above this gap, creating (2p-2h) states, for which the proton bosons number is 1. In particular,
for 98Zr, most of the low-lying states, which are shown in Fig. 53, have an intruder character with the
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Figure 53: Partial level schemes of 92,94,96,98,100Zr. The � decay of 0+ states is highlighted in red, with
red and blue arrows indicating measured � and E0 decay from 0+ states, with energies in keV and B(E2)
and ⇢

2(E0) values in W.u. and m.u., respectively (in italic). Dashed arrows indicate the continuation
of a band to higher spins (see Tab. 14 for details).

and 0+2 are rather well separated and do not mix. Unlike 96Zr, here the first excited state 2+1 is not
related to the structure of the ground state 0+1 , but belongs to the structure built on the 0+2 excitation.

This hypothesis is supported by the rather collective value of B(E2; 2+1 !0+2 ) measured, using the
plunger technique, by Singh et al., with EXOGAM+VAMOS in GANIL, as 28.3(64) W.u. [308], and
by Karayonchev et al., at the Cologne Tandem, as 11(+3

�2) [327]. The large B(E2) values of B(E2;
4+1 !2+1 ) and B(E2;4+1 !2+2 ), which were measured by Singh et al., as 43.3(8.7) and 67.5(13.5) W.u. ,
and by Karayonchev et al., as 25(+15

�7 ) and 38(+26
�13) W.u., respectively, as well as the results B(E2;6+1 !

4+1 )=103(36) W.u. (Singh et al.,) (Fig. 53), suggest the existence of a deformed, band-like structures
in 98Zr. Two scenarios were proposed to accommodate these experimental data: i) the four states: 0+3 ,
2+2 , 4

+
1 and 6+1 form a well-deformed rotational band based on the 0+3 state, while the 0+2 and 2+1 are the

lowest members of another moderately deformed structure built on the 0+2 . In such case, a large value
of B(E2; 4+1 !2+1 )=43.3 W.u. would indicate a significant mixing of the well-deformed structure with
the deformed configuration based on the 0+2 excitation. ii) The collective band consists of 0+2 , 2

+
1 , 4

+
1

and 6+1 states, while the 0+3 and 2+2 states are not involved.
The MCSM calculations fully support the proposed triple shape coexistence scenario in 98Zr with a

spherical 0+1 state, a prolate deformed 0+2 state, and a triaxial 0+3 state. The collectivity of the bands
built on the 0+2 and 0+3 states is well reproduced: B(E2; 2+1 !0+2 )=70 W.u. and B(E2; 4+1 ! 2+2 )=76
W.u., B(E2; 6+1 !4+2 )=87 W.u. However, the MCSM calculations do not predict correctly the strong
mixing of the two bands, giving B(E2; 4+1 ! 2+1 ) < 1 W.u. The E2 decay from the higher lying 0+4
state is hindered and to interpret this delay MCSM calculations for this state are needed.

The second scenario is more in line with a theoretical approach based on the interacting boson model
with configuration mixing (IBM-CM) [328, 329], which was recently used to describe the properties of
low-lying structures in the even-even Zr chain of isotopes. In this model, the normal A-configuration is
associated with only neutron boson pairs and no active protons above Z=40 sub-shell gap (i.e, proton
bosons number equals 0), while the intruder B-configuration corresponds to two-proton excitation from
below to above this gap, creating (2p-2h) states, for which the proton bosons number is 1. In particular,
for 98Zr, most of the low-lying states, which are shown in Fig. 53, have an intruder character with the
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Figure 53: Partial level schemes of 92,94,96,98,100Zr. The � decay of 0+ states is highlighted in red, with
red and blue arrows indicating measured � and E0 decay from 0+ states, with energies in keV and B(E2)
and ⇢

2(E0) values in W.u. and m.u., respectively (in italic). Dashed arrows indicate the continuation
of a band to higher spins (see Tab. 14 for details).

and 0+2 are rather well separated and do not mix. Unlike 96Zr, here the first excited state 2+1 is not
related to the structure of the ground state 0+1 , but belongs to the structure built on the 0+2 excitation.

This hypothesis is supported by the rather collective value of B(E2; 2+1 !0+2 ) measured, using the
plunger technique, by Singh et al., with EXOGAM+VAMOS in GANIL, as 28.3(64) W.u. [308], and
by Karayonchev et al., at the Cologne Tandem, as 11(+3

�2) [327]. The large B(E2) values of B(E2;
4+1 !2+1 ) and B(E2;4+1 !2+2 ), which were measured by Singh et al., as 43.3(8.7) and 67.5(13.5) W.u. ,
and by Karayonchev et al., as 25(+15

�7 ) and 38(+26
�13) W.u., respectively, as well as the results B(E2;6+1 !

4+1 )=103(36) W.u. (Singh et al.,) (Fig. 53), suggest the existence of a deformed, band-like structures
in 98Zr. Two scenarios were proposed to accommodate these experimental data: i) the four states: 0+3 ,
2+2 , 4

+
1 and 6+1 form a well-deformed rotational band based on the 0+3 state, while the 0+2 and 2+1 are the

lowest members of another moderately deformed structure built on the 0+2 . In such case, a large value
of B(E2; 4+1 !2+1 )=43.3 W.u. would indicate a significant mixing of the well-deformed structure with
the deformed configuration based on the 0+2 excitation. ii) The collective band consists of 0+2 , 2

+
1 , 4

+
1

and 6+1 states, while the 0+3 and 2+2 states are not involved.
The MCSM calculations fully support the proposed triple shape coexistence scenario in 98Zr with a

spherical 0+1 state, a prolate deformed 0+2 state, and a triaxial 0+3 state. The collectivity of the bands
built on the 0+2 and 0+3 states is well reproduced: B(E2; 2+1 !0+2 )=70 W.u. and B(E2; 4+1 ! 2+2 )=76
W.u., B(E2; 6+1 !4+2 )=87 W.u. However, the MCSM calculations do not predict correctly the strong
mixing of the two bands, giving B(E2; 4+1 ! 2+1 ) < 1 W.u. The E2 decay from the higher lying 0+4
state is hindered and to interpret this delay MCSM calculations for this state are needed.

The second scenario is more in line with a theoretical approach based on the interacting boson model
with configuration mixing (IBM-CM) [328, 329], which was recently used to describe the properties of
low-lying structures in the even-even Zr chain of isotopes. In this model, the normal A-configuration is
associated with only neutron boson pairs and no active protons above Z=40 sub-shell gap (i.e, proton
bosons number equals 0), while the intruder B-configuration corresponds to two-proton excitation from
below to above this gap, creating (2p-2h) states, for which the proton bosons number is 1. In particular,
for 98Zr, most of the low-lying states, which are shown in Fig. 53, have an intruder character with the
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98Zr: 
• P. Singh et al., Phys. Rev. Lett. 121 (2018) 

192501 - Triple shape coexistence with 
notably a moderately deformed 02+ state 
and a rotational structure built on it 

• V. Karayonchev et al., Phys. Rev. C 102 
(2020) 064314 - General agreement with a 
vibrational interpretation of states built 
on the 02+ state 

• In both works, the large B(E2; 41+ → 22+) 
value remains unexplained
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Figure 53: Partial level schemes of 92,94,96,98,100Zr. The � decay of 0+ states is highlighted in red, with
red and blue arrows indicating measured � and E0 decay from 0+ states, with energies in keV and B(E2)
and ⇢

2(E0) values in W.u. and m.u., respectively (in italic). Dashed arrows indicate the continuation
of a band to higher spins (see Tab. 14 for details).

and 0+2 are rather well separated and do not mix. Unlike 96Zr, here the first excited state 2+1 is not
related to the structure of the ground state 0+1 , but belongs to the structure built on the 0+2 excitation.

This hypothesis is supported by the rather collective value of B(E2; 2+1 !0+2 ) measured, using the
plunger technique, by Singh et al., with EXOGAM+VAMOS in GANIL, as 28.3(64) W.u. [308], and
by Karayonchev et al., at the Cologne Tandem, as 11(+3

�2) [327]. The large B(E2) values of B(E2;
4+1 !2+1 ) and B(E2;4+1 !2+2 ), which were measured by Singh et al., as 43.3(8.7) and 67.5(13.5) W.u. ,
and by Karayonchev et al., as 25(+15

�7 ) and 38(+26
�13) W.u., respectively, as well as the results B(E2;6+1 !

4+1 )=103(36) W.u. (Singh et al.,) (Fig. 53), suggest the existence of a deformed, band-like structures
in 98Zr. Two scenarios were proposed to accommodate these experimental data: i) the four states: 0+3 ,
2+2 , 4

+
1 and 6+1 form a well-deformed rotational band based on the 0+3 state, while the 0+2 and 2+1 are the

lowest members of another moderately deformed structure built on the 0+2 . In such case, a large value
of B(E2; 4+1 !2+1 )=43.3 W.u. would indicate a significant mixing of the well-deformed structure with
the deformed configuration based on the 0+2 excitation. ii) The collective band consists of 0+2 , 2

+
1 , 4

+
1

and 6+1 states, while the 0+3 and 2+2 states are not involved.
The MCSM calculations fully support the proposed triple shape coexistence scenario in 98Zr with a

spherical 0+1 state, a prolate deformed 0+2 state, and a triaxial 0+3 state. The collectivity of the bands
built on the 0+2 and 0+3 states is well reproduced: B(E2; 2+1 !0+2 )=70 W.u. and B(E2; 4+1 ! 2+2 )=76
W.u., B(E2; 6+1 !4+2 )=87 W.u. However, the MCSM calculations do not predict correctly the strong
mixing of the two bands, giving B(E2; 4+1 ! 2+1 ) < 1 W.u. The E2 decay from the higher lying 0+4
state is hindered and to interpret this delay MCSM calculations for this state are needed.

The second scenario is more in line with a theoretical approach based on the interacting boson model
with configuration mixing (IBM-CM) [328, 329], which was recently used to describe the properties of
low-lying structures in the even-even Zr chain of isotopes. In this model, the normal A-configuration is
associated with only neutron boson pairs and no active protons above Z=40 sub-shell gap (i.e, proton
bosons number equals 0), while the intruder B-configuration corresponds to two-proton excitation from
below to above this gap, creating (2p-2h) states, for which the proton bosons number is 1. In particular,
for 98Zr, most of the low-lying states, which are shown in Fig. 53, have an intruder character with the
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94,96Zr: 
• C. Kremer et al., Phys. Rev. Lett. 117 (2016) 172503 & A. Chakraborty et al., 

Phys. Rev. Lett. 110 (2013) 022504 - Enhanced B(E2; 22+ → 02+)  values in 
94,96Zr interpreted as due to a rotational-like excitation built on the 02+ state 

• W. Witt et al., Eur. Phys. J. A 55 (2019) 1 - General agreement with a 
vibrational interpretation of states built on the 02+ state in 96Zr
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Figure 53: Partial level schemes of 92,94,96,98,100Zr. The � decay of 0+ states is highlighted in red, with
red and blue arrows indicating measured � and E0 decay from 0+ states, with energies in keV and B(E2)
and ⇢

2(E0) values in W.u. and m.u., respectively (in italic). Dashed arrows indicate the continuation
of a band to higher spins (see Tab. 14 for details).

and 0+2 are rather well separated and do not mix. Unlike 96Zr, here the first excited state 2+1 is not
related to the structure of the ground state 0+1 , but belongs to the structure built on the 0+2 excitation.

This hypothesis is supported by the rather collective value of B(E2; 2+1 !0+2 ) measured, using the
plunger technique, by Singh et al., with EXOGAM+VAMOS in GANIL, as 28.3(64) W.u. [308], and
by Karayonchev et al., at the Cologne Tandem, as 11(+3

�2) [327]. The large B(E2) values of B(E2;
4+1 !2+1 ) and B(E2;4+1 !2+2 ), which were measured by Singh et al., as 43.3(8.7) and 67.5(13.5) W.u. ,
and by Karayonchev et al., as 25(+15

�7 ) and 38(+26
�13) W.u., respectively, as well as the results B(E2;6+1 !

4+1 )=103(36) W.u. (Singh et al.,) (Fig. 53), suggest the existence of a deformed, band-like structures
in 98Zr. Two scenarios were proposed to accommodate these experimental data: i) the four states: 0+3 ,
2+2 , 4

+
1 and 6+1 form a well-deformed rotational band based on the 0+3 state, while the 0+2 and 2+1 are the

lowest members of another moderately deformed structure built on the 0+2 . In such case, a large value
of B(E2; 4+1 !2+1 )=43.3 W.u. would indicate a significant mixing of the well-deformed structure with
the deformed configuration based on the 0+2 excitation. ii) The collective band consists of 0+2 , 2

+
1 , 4

+
1

and 6+1 states, while the 0+3 and 2+2 states are not involved.
The MCSM calculations fully support the proposed triple shape coexistence scenario in 98Zr with a

spherical 0+1 state, a prolate deformed 0+2 state, and a triaxial 0+3 state. The collectivity of the bands
built on the 0+2 and 0+3 states is well reproduced: B(E2; 2+1 !0+2 )=70 W.u. and B(E2; 4+1 ! 2+2 )=76
W.u., B(E2; 6+1 !4+2 )=87 W.u. However, the MCSM calculations do not predict correctly the strong
mixing of the two bands, giving B(E2; 4+1 ! 2+1 ) < 1 W.u. The E2 decay from the higher lying 0+4
state is hindered and to interpret this delay MCSM calculations for this state are needed.

The second scenario is more in line with a theoretical approach based on the interacting boson model
with configuration mixing (IBM-CM) [328, 329], which was recently used to describe the properties of
low-lying structures in the even-even Zr chain of isotopes. In this model, the normal A-configuration is
associated with only neutron boson pairs and no active protons above Z=40 sub-shell gap (i.e, proton
bosons number equals 0), while the intruder B-configuration corresponds to two-proton excitation from
below to above this gap, creating (2p-2h) states, for which the proton bosons number is 1. In particular,
for 98Zr, most of the low-lying states, which are shown in Fig. 53, have an intruder character with the
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Need for key and direct observables capable of distinguishing between the different interpretations 
to validate the physics suggested from theory, both in stable and neutron-rich isotopes 

⇒ Broad campaign from our collaboration at LNL (Italy), TRIUMF (Canada), and MLL (Germany)
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Spherical-Oblate Shape Coexistence in 94Zr and the SPIDER Coulomb-Excitation Campaign at LNLINFN
▸ Experiment performed with GALILEO and SPIDER: 

▸ 94Zr beam @370 MeV (0.1 pnA) on a self-supporting 
208Pb target with 1 mg/cm2 thickness 

▸ GALILEO with 25 HPGe Compton-suppressed detectors 

▸ SPIDER at backward angles (126° - 162°) 

▸ 6 LaBr3:Ce detectors to increase the efficiency in γ-γ coinc. 

▸ Spokespersons: D.T. Doherty (University of Surrey, UK), 
M. Rocchini, M. Zielinska (CEA Saclay, France) 

▸ Analysis by: N. Marchini (INFN Firenze), M. Rocchini 

▸ 18 gamma-ray transitions observed, 8 states populated 

▸ Known spectroscopic data added in the analysis: 

▸ 13 branching ratios, 10 lifetimes, 7 mixing ratios
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Spherical-Oblate Shape Coexistence in 94Zr and the SPIDER Coulomb-Excitation Campaign at LNLINFN
▸ 8 transitions analysed by 

dividing the statistics into 8 
angular ranges, 9 transitions 
considering the entire SPIDER 

▸ GOSIA analysis: excellent 
reproduction of experimental 
yields

Results
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TABLE II. Transitional E2 matrix elements obtained in the
present work (with the exception of →0+1 ↑E2↑2+1 ↓ provided
for completeness) and corresponding B(E2) values compared
with those resulting from IBM-CM calculations.

Ji ↔ Jf →Jf↑E2↑Ji↓ [eb] B(E2; Ji ↔ Jf ) [W.u.]

Exp. Exp. IBM-CM

2+1 ↗↔ 0+1 +0.250(7)ab 4.8(2)b 2.7

0+2 ↗↔ 2+1 +0.155(4)a 9.5(5) 9.3

4+1 ↗↔ 2+1 +0.141(4)a 0.87(5) —c

2+2 ↗↔ 0+2 +0.484(12)a 18.5(9) 20.2

2+2 ↗↔ 2+1 +0.03(3) < 0.3 1.49

2+2 ↗↔ 0+1 +0.221(6) 3.9(2) 0.82

4+2 ↗↔ 2+2 +0.96(3)a 40(3) 26.6

4+2 ↗↔ 2+1 +0.607(16) 16.1(9) 2.1

2+3 ↗↔ 2+2 +0.249+0.019
→0.040 4.9+0.7

→1.6 17.3

2+3 ↗↔ 0+2 < 0.13d < 1.3 0.07

2+3 ↗↔ 2+1 +0.290+0.014
→0.012

a 6.6+0.6
→0.5 1.2

2+3 ↗↔ 0+1 ↗0.0182+0.0016
→0.0020 0.026+0.005

→0.006 0.001

2+4 ↗↔ 2+3 ↗0.02+0.06
→0.03 < 0.2 2.44

2+4 ↗↔ 2+2 ±0.073+0.030
→0.018 0.4+0.3

→0.2 0.1

2+4 ↗↔ 0+2 ±0.177+0.010
→0.005 2.47+0.30

→0.14 0.06

2+4 ↗↔ 2+1 +0.092+0.006
→0.004

a 0.67+0.09
→0.06 0.001

2+4 ↗↔ 0+1 ↗0.001+0.003
→0.006 < 4 · 10→3 3 · 10→4

a
Sign imposed in the analysis (see text for details).

b
Determined from literature data.

c
Outside IBM-CM model space (see Ref. [24] for details).

d
Positive sign determined.

state and the first excited 0+ state, a quadrupole sum
rule analysis [39, 41, 61] was applied to the obtained set of
E2 matrix elements. Since the E2 operator is a spherical
tensor, its products coupled to zero angular momentum
are rotationally invariant. Hence, their expectation val-
ues can be expressed on one hand using charge distribu-
tion parameters defined in the intrinsic frame of the nu-
cleus, and on the other using combinations of E2 matrix
elements measured in the laboratory frame. The first-
order invariant →Q2↑, related to the overall deformation,
is constructed from the squares of E2 matrix elements
connecting the 0+ state of interest to all 2+ states. The
second-order invariant →Q3 cos (3ω)↑ involves triple prod-
ucts of transitional and diagonal E2 matrix elements and
thus requires the knowledge of 2+ quadrupole moments
with their absolute sign, and relative signs of transitional
matrix elements. The quantity →ω↑ indicates the degree
of non-axiality. Specifically, →cos (3ω)↑ is +1 for a pro-
late shape (→ω↑ = 0→), 0 for a maximally triaxial shape
(→ω↑ = 30→), and ↓1 for an oblate shape (→ω↑ = 60→).

Moreover, the third-order invariant →Q4↑ was determined
from the experimental E2 matrix elements, providing in-
formation on the variance of the →Q2↑ invariant. This
quantity, defined as ε(Q2) =

√
→Q4↑ ↓ (→Q2↑)2, is re-

lated to softness in the overall deformation. In forming
the →Q4↑ invariant, one is free to choose the particular
value J for the intermediate coupling of two E2 oper-
ators [41, 48]; we chose J = 0 as it could be reliably
determined from the set of matrix elements obtained in
the present work.
The results of this approach are presented in Table III

and Fig. 3, with contributions of specific products of ma-
trix elements to the obtained invariant quantities listed in
the Supplemental Material [48]. The →Q2↑ of the 0+2 state
is ↔ 2.7 times larger than that of the 0+1 state. However,
the fact that the dispersion of →Q2↑ for the 0+1 state is
comparable with the →Q2↑ value itself indicates that the
ground state of 94Zr exhibits fluctuations about a spheri-
cal shape. In contrast, ε(Q2) for the 0+2 state is consider-
ably smaller than →Q2↑, which suggests a moderate static
deformation. More insight into the shape of the 0+2 state
can be obtained from its value of →cos (3ω)↑ (equivalent to
→ω↑ = 48(+12

↑5 )→), which indicates an oblate deformation
with a possible degree of triaxiality, consistent with the
positive value of the 2+2 spectroscopic quadrupole mo-
ment. For the 0+1 state, the →cos (3ω)↑ value is of limited
relevance since ε(Q2) > →Q2↑.

TABLE III. Results of the quadrupole sum-rules analysis of
experimental E2 matrix elements obtained in the present
work (Exp.) compared with IBM-CM calculations (Th.).

Ji →Q2↓ [e2b2] ω(Q2) [e2b2] →cos(3ε)↓

Exp. Th. Exp. Th. Exp. Th.

0+1 0.112(4) 0.046 0.143(4) 0.094 ↗0.37(7) ↗0.72

0+2 0.305(12) 0.308 0.14(3) 0.153 ↗0.8(2) ↗0.4

The experimental results were compared with IBM-
CM calculations building on Ref. [24]. Using the Qs(2

+
1,2)

values measured in the present work it was possible to fix
the ϑ model parameter to ϑ = +0.6 instead of the previ-
ously adopted ϑ = ↓0.6. This choice does not change the
spectrum reported in Ref. [24] but is responsible for the
prolate-oblate nature of the deformation. The calculated
B(E2) values are shown in Table II. The overall agree-
ment is satisfactory, except for the B(E2; 4+2 ↗ 2+1 ) and
B(E2; 2+3 ↗ 2+2 ) values. For the former, the discrepancy
could occur due to mixing between the 4+2 and 4+1 states,
the latter being outside the IBM-CM model space [24].
The calculated spectroscopic quadrupole moments, re-
ported in Table I, are also in satisfactory agreement with
the experimental results, with a much larger value pre-
dicted for the 2+2 state with respect to the 2+1 state.
The results of the quadrupole sum rules analysis within
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Spherical-Oblate Shape Coexistence in 94Zr and the SPIDER Coulomb-Excitation Campaign at LNLINFN
▸ First determination of spectroscopic quadrupole moments 

for the 21,2+ states in the Zr isotopic chain:

Shapes of the 01,2+ States
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FIG. 1. Portion of the ω-ray energy spectrum observed fol-
lowing Coulomb excitation of the 94Zr beam impinging on a
208Pb target, Doppler corrected for the projectile. Transi-
tions in 95Zr are marked with asterisks and ! denotes a sum
peak. The inset shows the 2+2 → 0+2 transition observed in
ω-ω-particle coincidences (gated on the 0+2 → 2+1 ω-ray tran-
sition).
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FIG. 2. Partial level scheme of 94Zr showing transitions rele-
vant for the present work. The level energies are given in keV.
The number of counts observed for the transitions marked in
black was su”cient to subdivide the data into eight angular
ranges. For the transitions marked in blue, the total number
of counts in coincidence with the SPIDER array was used in
the analysis. The 2+2 → 0+2 transition was observed only in ω-
ω-particle coincidences (dashed blue). Transitions marked in
red have not been observed in the present experiment, but the
corresponding matrix elements were considered in the data
analysis with the GOSIA code.

the largest spectroscopic factors for one-neutron trans-
fer [46], and the observed populations are in line with
the transfer cross sections measured in, e.g., Ref. [47] for
conditions in which the nuclear interaction had a negli-
gible influence on the excitation process.

The extracted numbers of ω-particle coincidences for
the observed transitions in 94Zr, presented in the Sup-
plemental Material [48], were analyzed using the GOSIA
code [49]. The measured yields were divided into the
eight angular ranges defined by the SPIDER segmen-
tation [44] to exploit the angular dependence of the
Coulomb-excitation cross sections, except for weaker

transitions for which the coincidences with the entire
SPIDER array were considered (see Fig. 2). While the
present experiment was insensitive to B(M1) and B(E1)
values, the corresponding matrix elements were included
in the multidimensional GOSIA fit together with those
for E2 and E3 multipolarities, and their values were con-
strained by complementary spectroscopic data. The level
lifetimes were taken from Refs. [36, 50], the E2/M1 mix-
ing ratios from Ref. [51], and the branching ratios from
Refs. [36, 51–53]. The final set of matrix elements ob-
tained in the analysis reproduces all these values within
±1ε uncertainty. Moreover, the level scheme consid-
ered in the fit was extended to higher excitation energy
to account for possible excitations of unobserved states,
and observation upper limits were imposed constraining
the unobserved 2+3 → 0+2 and 2+4 → 0+1 transitions, for
which branching ratios are unknown. The intensity of the
(6+1 ) → 4+2 transition has been included in the analysis,
but due to ambiguities [51, 52, 54] regarding the spin of
the presumed (6+1 ) state at 3142 keV, the corresponding
matrix element is not reported. Absolute normalization
of the measured cross sections was achieved via inclusion
in the fit of a weighted average of the 2+1 lifetimes [55–
57] and consequently the analysis was not sensitive to the
B(E2; 2+1 → 0+1 ) value [39, 58]. The following sign con-
vention was imposed for E2 matrix elements: those for
in-band transitions were assumed to be positive, as well
as those of ↑0+2 ↓E2↓2+1 ↔, ↑2

+
1 ↓E2↓2+3 ↔ and ↑2+1 ↓E2↓2+4 ↔,

with the signs of remaining matrix elements determined
relative to them.

The present work determined Qs of the 2+1,2 states in
94Zr (Table I) – the first such determination in the Zr iso-
topic chain [59]. Moreover, a large number of E2 matrix
elements were precisely measured that are reported in
Table II together with the corresponding B(E2) values.
In addition, the B(E3; 3→1 → 0+1 ) = 33(3) W.u. value was
extracted from the data, which agrees with the evaluated
value [60], but is considerably more precise.

The di!erent deformations of two structures in 94Zr
are evidenced by the large di!erence between the spectro-
scopic quadrupole moments measured for the 2+1,2 states
(Table I). To get more precise, model-independent infor-
mation on the nuclear charge distribution in the ground

TABLE I. Diagonal E2 matrix elements measured in the
present work and corresponding spectroscopic quadrupole
moments, compared with those resulting from IBM-CM cal-
culations.

Ji ↑Ji↓E2↓Ji↔ [eb] Qs(Ji) [eb]

Exp. Exp. IBM-CM

2+1 +0.131+0.013
→0.030 +0.099+0.010

→0.025 +0.066

2+2 +0.37(4) +0.28(3) +0.31

The measured quadrupole 
moments suggest larger 

deformation in the excited 
02+ band
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TABLE II. Transitional E2 matrix elements obtained in the
present work (with the exception of →0+1 ↑E2↑2+1 ↓ provided
for completeness) and corresponding B(E2) values compared
with those resulting from IBM-CM calculations.

Ji ↔ Jf →Jf↑E2↑Ji↓ [eb] B(E2; Ji ↔ Jf ) [W.u.]

Exp. Exp. IBM-CM

2+1 ↗↔ 0+1 +0.250(7)ab 4.8(2)b 2.7

0+2 ↗↔ 2+1 +0.155(4)a 9.5(5) 9.3

4+1 ↗↔ 2+1 +0.141(4)a 0.87(5) —c

2+2 ↗↔ 0+2 +0.484(12)a 18.5(9) 20.2

2+2 ↗↔ 2+1 +0.03(3) < 0.3 1.49

2+2 ↗↔ 0+1 +0.221(6) 3.9(2) 0.82

4+2 ↗↔ 2+2 +0.96(3)a 40(3) 26.6

4+2 ↗↔ 2+1 +0.607(16) 16.1(9) 2.1

2+3 ↗↔ 2+2 +0.249+0.019
→0.040 4.9+0.7

→1.6 17.3

2+3 ↗↔ 0+2 < 0.13d < 1.3 0.07

2+3 ↗↔ 2+1 +0.290+0.014
→0.012

a 6.6+0.6
→0.5 1.2

2+3 ↗↔ 0+1 ↗0.0182+0.0016
→0.0020 0.026+0.005

→0.006 0.001

2+4 ↗↔ 2+3 ↗0.02+0.06
→0.03 < 0.2 2.44

2+4 ↗↔ 2+2 ±0.073+0.030
→0.018 0.4+0.3

→0.2 0.1

2+4 ↗↔ 0+2 ±0.177+0.010
→0.005 2.47+0.30

→0.14 0.06

2+4 ↗↔ 2+1 +0.092+0.006
→0.004

a 0.67+0.09
→0.06 0.001

2+4 ↗↔ 0+1 ↗0.001+0.003
→0.006 < 4 · 10→3 3 · 10→4

a
Sign imposed in the analysis (see text for details).

b
Determined from literature data.

c
Outside IBM-CM model space (see Ref. [24] for details).

d
Positive sign determined.

state and the first excited 0+ state, a quadrupole sum
rule analysis [39, 41, 61] was applied to the obtained set of
E2 matrix elements. Since the E2 operator is a spherical
tensor, its products coupled to zero angular momentum
are rotationally invariant. Hence, their expectation val-
ues can be expressed on one hand using charge distribu-
tion parameters defined in the intrinsic frame of the nu-
cleus, and on the other using combinations of E2 matrix
elements measured in the laboratory frame. The first-
order invariant →Q2↑, related to the overall deformation,
is constructed from the squares of E2 matrix elements
connecting the 0+ state of interest to all 2+ states. The
second-order invariant →Q3 cos (3ω)↑ involves triple prod-
ucts of transitional and diagonal E2 matrix elements and
thus requires the knowledge of 2+ quadrupole moments
with their absolute sign, and relative signs of transitional
matrix elements. The quantity →ω↑ indicates the degree
of non-axiality. Specifically, →cos (3ω)↑ is +1 for a pro-
late shape (→ω↑ = 0→), 0 for a maximally triaxial shape
(→ω↑ = 30→), and ↓1 for an oblate shape (→ω↑ = 60→).

Moreover, the third-order invariant →Q4↑ was determined
from the experimental E2 matrix elements, providing in-
formation on the variance of the →Q2↑ invariant. This
quantity, defined as ε(Q2) =

√
→Q4↑ ↓ (→Q2↑)2, is re-

lated to softness in the overall deformation. In forming
the →Q4↑ invariant, one is free to choose the particular
value J for the intermediate coupling of two E2 oper-
ators [41, 48]; we chose J = 0 as it could be reliably
determined from the set of matrix elements obtained in
the present work.
The results of this approach are presented in Table III

and Fig. 3, with contributions of specific products of ma-
trix elements to the obtained invariant quantities listed in
the Supplemental Material [48]. The →Q2↑ of the 0+2 state
is ↔ 2.7 times larger than that of the 0+1 state. However,
the fact that the dispersion of →Q2↑ for the 0+1 state is
comparable with the →Q2↑ value itself indicates that the
ground state of 94Zr exhibits fluctuations about a spheri-
cal shape. In contrast, ε(Q2) for the 0+2 state is consider-
ably smaller than →Q2↑, which suggests a moderate static
deformation. More insight into the shape of the 0+2 state
can be obtained from its value of →cos (3ω)↑ (equivalent to
→ω↑ = 48(+12

↑5 )→), which indicates an oblate deformation
with a possible degree of triaxiality, consistent with the
positive value of the 2+2 spectroscopic quadrupole mo-
ment. For the 0+1 state, the →cos (3ω)↑ value is of limited
relevance since ε(Q2) > →Q2↑.

TABLE III. Results of the quadrupole sum-rules analysis of
experimental E2 matrix elements obtained in the present
work (Exp.) compared with IBM-CM calculations (Th.).

Ji →Q2↓ [e2b2] ω(Q2) [e2b2] →cos(3ε)↓

Exp. Th. Exp. Th. Exp. Th.

0+1 0.112(4) 0.046 0.143(4) 0.094 ↗0.37(7) ↗0.72

0+2 0.305(12) 0.308 0.14(3) 0.153 ↗0.8(2) ↗0.4

The experimental results were compared with IBM-
CM calculations building on Ref. [24]. Using the Qs(2

+
1,2)

values measured in the present work it was possible to fix
the ϑ model parameter to ϑ = +0.6 instead of the previ-
ously adopted ϑ = ↓0.6. This choice does not change the
spectrum reported in Ref. [24] but is responsible for the
prolate-oblate nature of the deformation. The calculated
B(E2) values are shown in Table II. The overall agree-
ment is satisfactory, except for the B(E2; 4+2 ↗ 2+1 ) and
B(E2; 2+3 ↗ 2+2 ) values. For the former, the discrepancy
could occur due to mixing between the 4+2 and 4+1 states,
the latter being outside the IBM-CM model space [24].
The calculated spectroscopic quadrupole moments, re-
ported in Table I, are also in satisfactory agreement with
the experimental results, with a much larger value pre-
dicted for the 2+2 state with respect to the 2+1 state.
The results of the quadrupole sum rules analysis within
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FIG. 1. Portion of the ω-ray energy spectrum observed fol-
lowing Coulomb excitation of the 94Zr beam impinging on a
208Pb target, Doppler corrected for the projectile. Transi-
tions in 95Zr are marked with asterisks and ! denotes a sum
peak. The inset shows the 2+2 → 0+2 transition observed in
ω-ω-particle coincidences (gated on the 0+2 → 2+1 ω-ray tran-
sition).
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FIG. 2. Partial level scheme of 94Zr showing transitions rele-
vant for the present work. The level energies are given in keV.
The number of counts observed for the transitions marked in
black was su”cient to subdivide the data into eight angular
ranges. For the transitions marked in blue, the total number
of counts in coincidence with the SPIDER array was used in
the analysis. The 2+2 → 0+2 transition was observed only in ω-
ω-particle coincidences (dashed blue). Transitions marked in
red have not been observed in the present experiment, but the
corresponding matrix elements were considered in the data
analysis with the GOSIA code.

the largest spectroscopic factors for one-neutron trans-
fer [46], and the observed populations are in line with
the transfer cross sections measured in, e.g., Ref. [47] for
conditions in which the nuclear interaction had a negli-
gible influence on the excitation process.

The extracted numbers of ω-particle coincidences for
the observed transitions in 94Zr, presented in the Sup-
plemental Material [48], were analyzed using the GOSIA
code [49]. The measured yields were divided into the
eight angular ranges defined by the SPIDER segmen-
tation [44] to exploit the angular dependence of the
Coulomb-excitation cross sections, except for weaker

transitions for which the coincidences with the entire
SPIDER array were considered (see Fig. 2). While the
present experiment was insensitive to B(M1) and B(E1)
values, the corresponding matrix elements were included
in the multidimensional GOSIA fit together with those
for E2 and E3 multipolarities, and their values were con-
strained by complementary spectroscopic data. The level
lifetimes were taken from Refs. [36, 50], the E2/M1 mix-
ing ratios from Ref. [51], and the branching ratios from
Refs. [36, 51–53]. The final set of matrix elements ob-
tained in the analysis reproduces all these values within
±1ε uncertainty. Moreover, the level scheme consid-
ered in the fit was extended to higher excitation energy
to account for possible excitations of unobserved states,
and observation upper limits were imposed constraining
the unobserved 2+3 → 0+2 and 2+4 → 0+1 transitions, for
which branching ratios are unknown. The intensity of the
(6+1 ) → 4+2 transition has been included in the analysis,
but due to ambiguities [51, 52, 54] regarding the spin of
the presumed (6+1 ) state at 3142 keV, the corresponding
matrix element is not reported. Absolute normalization
of the measured cross sections was achieved via inclusion
in the fit of a weighted average of the 2+1 lifetimes [55–
57] and consequently the analysis was not sensitive to the
B(E2; 2+1 → 0+1 ) value [39, 58]. The following sign con-
vention was imposed for E2 matrix elements: those for
in-band transitions were assumed to be positive, as well
as those of ↑0+2 ↓E2↓2+1 ↔, ↑2

+
1 ↓E2↓2+3 ↔ and ↑2+1 ↓E2↓2+4 ↔,

with the signs of remaining matrix elements determined
relative to them.

The present work determined Qs of the 2+1,2 states in
94Zr (Table I) – the first such determination in the Zr iso-
topic chain [59]. Moreover, a large number of E2 matrix
elements were precisely measured that are reported in
Table II together with the corresponding B(E2) values.
In addition, the B(E3; 3→1 → 0+1 ) = 33(3) W.u. value was
extracted from the data, which agrees with the evaluated
value [60], but is considerably more precise.

The di!erent deformations of two structures in 94Zr
are evidenced by the large di!erence between the spectro-
scopic quadrupole moments measured for the 2+1,2 states
(Table I). To get more precise, model-independent infor-
mation on the nuclear charge distribution in the ground

TABLE I. Diagonal E2 matrix elements measured in the
present work and corresponding spectroscopic quadrupole
moments, compared with those resulting from IBM-CM cal-
culations.

Ji ↑Ji↓E2↓Ji↔ [eb] Qs(Ji) [eb]

Exp. Exp. IBM-CM

2+1 +0.131+0.013
→0.030 +0.099+0.010

→0.025 +0.066

2+2 +0.37(4) +0.28(3) +0.31

N. Marchini, M. Rocchini, M. Zielinska et al. submitted to Phys. Lett. B
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TABLE II. Transitional E2 matrix elements obtained in the
present work (with the exception of →0+1 ↑E2↑2+1 ↓ provided
for completeness) and corresponding B(E2) values compared
with those resulting from IBM-CM calculations.

Ji ↔ Jf →Jf↑E2↑Ji↓ [eb] B(E2; Ji ↔ Jf ) [W.u.]

Exp. Exp. IBM-CM

2+1 ↗↔ 0+1 +0.250(7)ab 4.8(2)b 2.7

0+2 ↗↔ 2+1 +0.155(4)a 9.5(5) 9.3

4+1 ↗↔ 2+1 +0.141(4)a 0.87(5) —c

2+2 ↗↔ 0+2 +0.484(12)a 18.5(9) 20.2

2+2 ↗↔ 2+1 +0.03(3) < 0.3 1.49

2+2 ↗↔ 0+1 +0.221(6) 3.9(2) 0.82

4+2 ↗↔ 2+2 +0.96(3)a 40(3) 26.6

4+2 ↗↔ 2+1 +0.607(16) 16.1(9) 2.1

2+3 ↗↔ 2+2 +0.249+0.019
→0.040 4.9+0.7

→1.6 17.3

2+3 ↗↔ 0+2 < 0.13d < 1.3 0.07

2+3 ↗↔ 2+1 +0.290+0.014
→0.012

a 6.6+0.6
→0.5 1.2

2+3 ↗↔ 0+1 ↗0.0182+0.0016
→0.0020 0.026+0.005

→0.006 0.001

2+4 ↗↔ 2+3 ↗0.02+0.06
→0.03 < 0.2 2.44

2+4 ↗↔ 2+2 ±0.073+0.030
→0.018 0.4+0.3

→0.2 0.1

2+4 ↗↔ 0+2 ±0.177+0.010
→0.005 2.47+0.30

→0.14 0.06

2+4 ↗↔ 2+1 +0.092+0.006
→0.004

a 0.67+0.09
→0.06 0.001

2+4 ↗↔ 0+1 ↗0.001+0.003
→0.006 < 4 · 10→3 3 · 10→4

a
Sign imposed in the analysis (see text for details).

b
Determined from literature data.

c
Outside IBM-CM model space (see Ref. [24] for details).

d
Positive sign determined.

state and the first excited 0+ state, a quadrupole sum
rule analysis [39, 41, 61] was applied to the obtained set of
E2 matrix elements. Since the E2 operator is a spherical
tensor, its products coupled to zero angular momentum
are rotationally invariant. Hence, their expectation val-
ues can be expressed on one hand using charge distribu-
tion parameters defined in the intrinsic frame of the nu-
cleus, and on the other using combinations of E2 matrix
elements measured in the laboratory frame. The first-
order invariant →Q2↑, related to the overall deformation,
is constructed from the squares of E2 matrix elements
connecting the 0+ state of interest to all 2+ states. The
second-order invariant →Q3 cos (3ω)↑ involves triple prod-
ucts of transitional and diagonal E2 matrix elements and
thus requires the knowledge of 2+ quadrupole moments
with their absolute sign, and relative signs of transitional
matrix elements. The quantity →ω↑ indicates the degree
of non-axiality. Specifically, →cos (3ω)↑ is +1 for a pro-
late shape (→ω↑ = 0→), 0 for a maximally triaxial shape
(→ω↑ = 30→), and ↓1 for an oblate shape (→ω↑ = 60→).

Moreover, the third-order invariant →Q4↑ was determined
from the experimental E2 matrix elements, providing in-
formation on the variance of the →Q2↑ invariant. This
quantity, defined as ε(Q2) =

√
→Q4↑ ↓ (→Q2↑)2, is re-

lated to softness in the overall deformation. In forming
the →Q4↑ invariant, one is free to choose the particular
value J for the intermediate coupling of two E2 oper-
ators [41, 48]; we chose J = 0 as it could be reliably
determined from the set of matrix elements obtained in
the present work.
The results of this approach are presented in Table III

and Fig. 3, with contributions of specific products of ma-
trix elements to the obtained invariant quantities listed in
the Supplemental Material [48]. The →Q2↑ of the 0+2 state
is ↔ 2.7 times larger than that of the 0+1 state. However,
the fact that the dispersion of →Q2↑ for the 0+1 state is
comparable with the →Q2↑ value itself indicates that the
ground state of 94Zr exhibits fluctuations about a spheri-
cal shape. In contrast, ε(Q2) for the 0+2 state is consider-
ably smaller than →Q2↑, which suggests a moderate static
deformation. More insight into the shape of the 0+2 state
can be obtained from its value of →cos (3ω)↑ (equivalent to
→ω↑ = 48(+12

↑5 )→), which indicates an oblate deformation
with a possible degree of triaxiality, consistent with the
positive value of the 2+2 spectroscopic quadrupole mo-
ment. For the 0+1 state, the →cos (3ω)↑ value is of limited
relevance since ε(Q2) > →Q2↑.

TABLE III. Results of the quadrupole sum-rules analysis of
experimental E2 matrix elements obtained in the present
work (Exp.) compared with IBM-CM calculations (Th.).

Ji →Q2↓ [e2b2] ω(Q2) [e2b2] →cos(3ε)↓

Exp. Th. Exp. Th. Exp. Th.

0+1 0.112(4) 0.046 0.143(4) 0.094 ↗0.37(7) ↗0.72

0+2 0.305(12) 0.308 0.14(3) 0.153 ↗0.8(2) ↗0.4

The experimental results were compared with IBM-
CM calculations building on Ref. [24]. Using the Qs(2

+
1,2)

values measured in the present work it was possible to fix
the ϑ model parameter to ϑ = +0.6 instead of the previ-
ously adopted ϑ = ↓0.6. This choice does not change the
spectrum reported in Ref. [24] but is responsible for the
prolate-oblate nature of the deformation. The calculated
B(E2) values are shown in Table II. The overall agree-
ment is satisfactory, except for the B(E2; 4+2 ↗ 2+1 ) and
B(E2; 2+3 ↗ 2+2 ) values. For the former, the discrepancy
could occur due to mixing between the 4+2 and 4+1 states,
the latter being outside the IBM-CM model space [24].
The calculated spectroscopic quadrupole moments, re-
ported in Table I, are also in satisfactory agreement with
the experimental results, with a much larger value pre-
dicted for the 2+2 state with respect to the 2+1 state.
The results of the quadrupole sum rules analysis within
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FIG. 1. Portion of the ω-ray energy spectrum observed fol-
lowing Coulomb excitation of the 94Zr beam impinging on a
208Pb target, Doppler corrected for the projectile. Transi-
tions in 95Zr are marked with asterisks and ! denotes a sum
peak. The inset shows the 2+2 → 0+2 transition observed in
ω-ω-particle coincidences (gated on the 0+2 → 2+1 ω-ray tran-
sition).
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FIG. 2. Partial level scheme of 94Zr showing transitions rele-
vant for the present work. The level energies are given in keV.
The number of counts observed for the transitions marked in
black was su”cient to subdivide the data into eight angular
ranges. For the transitions marked in blue, the total number
of counts in coincidence with the SPIDER array was used in
the analysis. The 2+2 → 0+2 transition was observed only in ω-
ω-particle coincidences (dashed blue). Transitions marked in
red have not been observed in the present experiment, but the
corresponding matrix elements were considered in the data
analysis with the GOSIA code.

the largest spectroscopic factors for one-neutron trans-
fer [46], and the observed populations are in line with
the transfer cross sections measured in, e.g., Ref. [47] for
conditions in which the nuclear interaction had a negli-
gible influence on the excitation process.

The extracted numbers of ω-particle coincidences for
the observed transitions in 94Zr, presented in the Sup-
plemental Material [48], were analyzed using the GOSIA
code [49]. The measured yields were divided into the
eight angular ranges defined by the SPIDER segmen-
tation [44] to exploit the angular dependence of the
Coulomb-excitation cross sections, except for weaker

transitions for which the coincidences with the entire
SPIDER array were considered (see Fig. 2). While the
present experiment was insensitive to B(M1) and B(E1)
values, the corresponding matrix elements were included
in the multidimensional GOSIA fit together with those
for E2 and E3 multipolarities, and their values were con-
strained by complementary spectroscopic data. The level
lifetimes were taken from Refs. [36, 50], the E2/M1 mix-
ing ratios from Ref. [51], and the branching ratios from
Refs. [36, 51–53]. The final set of matrix elements ob-
tained in the analysis reproduces all these values within
±1ε uncertainty. Moreover, the level scheme consid-
ered in the fit was extended to higher excitation energy
to account for possible excitations of unobserved states,
and observation upper limits were imposed constraining
the unobserved 2+3 → 0+2 and 2+4 → 0+1 transitions, for
which branching ratios are unknown. The intensity of the
(6+1 ) → 4+2 transition has been included in the analysis,
but due to ambiguities [51, 52, 54] regarding the spin of
the presumed (6+1 ) state at 3142 keV, the corresponding
matrix element is not reported. Absolute normalization
of the measured cross sections was achieved via inclusion
in the fit of a weighted average of the 2+1 lifetimes [55–
57] and consequently the analysis was not sensitive to the
B(E2; 2+1 → 0+1 ) value [39, 58]. The following sign con-
vention was imposed for E2 matrix elements: those for
in-band transitions were assumed to be positive, as well
as those of ↑0+2 ↓E2↓2+1 ↔, ↑2

+
1 ↓E2↓2+3 ↔ and ↑2+1 ↓E2↓2+4 ↔,

with the signs of remaining matrix elements determined
relative to them.

The present work determined Qs of the 2+1,2 states in
94Zr (Table I) – the first such determination in the Zr iso-
topic chain [59]. Moreover, a large number of E2 matrix
elements were precisely measured that are reported in
Table II together with the corresponding B(E2) values.
In addition, the B(E3; 3→1 → 0+1 ) = 33(3) W.u. value was
extracted from the data, which agrees with the evaluated
value [60], but is considerably more precise.

The di!erent deformations of two structures in 94Zr
are evidenced by the large di!erence between the spectro-
scopic quadrupole moments measured for the 2+1,2 states
(Table I). To get more precise, model-independent infor-
mation on the nuclear charge distribution in the ground

TABLE I. Diagonal E2 matrix elements measured in the
present work and corresponding spectroscopic quadrupole
moments, compared with those resulting from IBM-CM cal-
culations.

Ji ↑Ji↓E2↓Ji↔ [eb] Qs(Ji) [eb]

Exp. Exp. IBM-CM

2+1 +0.131+0.013
→0.030 +0.099+0.010

→0.025 +0.066

2+2 +0.37(4) +0.28(3) +0.31

N. Marchini, M. Rocchini, M. Zielinska et al. submitted to Phys. Lett. B
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TABLE II. Transitional E2 matrix elements obtained in the
present work (with the exception of →0+1 ↑E2↑2+1 ↓ provided
for completeness) and corresponding B(E2) values compared
with those resulting from IBM-CM calculations.

Ji ↔ Jf →Jf↑E2↑Ji↓ [eb] B(E2; Ji ↔ Jf ) [W.u.]

Exp. Exp. IBM-CM

2+1 ↗↔ 0+1 +0.250(7)ab 4.8(2)b 2.7

0+2 ↗↔ 2+1 +0.155(4)a 9.5(5) 9.3

4+1 ↗↔ 2+1 +0.141(4)a 0.87(5) —c

2+2 ↗↔ 0+2 +0.484(12)a 18.5(9) 20.2

2+2 ↗↔ 2+1 +0.03(3) < 0.3 1.49

2+2 ↗↔ 0+1 +0.221(6) 3.9(2) 0.82

4+2 ↗↔ 2+2 +0.96(3)a 40(3) 26.6

4+2 ↗↔ 2+1 +0.607(16) 16.1(9) 2.1

2+3 ↗↔ 2+2 +0.249+0.019
→0.040 4.9+0.7

→1.6 17.3

2+3 ↗↔ 0+2 < 0.13d < 1.3 0.07

2+3 ↗↔ 2+1 +0.290+0.014
→0.012

a 6.6+0.6
→0.5 1.2

2+3 ↗↔ 0+1 ↗0.0182+0.0016
→0.0020 0.026+0.005

→0.006 0.001

2+4 ↗↔ 2+3 ↗0.02+0.06
→0.03 < 0.2 2.44

2+4 ↗↔ 2+2 ±0.073+0.030
→0.018 0.4+0.3

→0.2 0.1

2+4 ↗↔ 0+2 ±0.177+0.010
→0.005 2.47+0.30

→0.14 0.06

2+4 ↗↔ 2+1 +0.092+0.006
→0.004

a 0.67+0.09
→0.06 0.001

2+4 ↗↔ 0+1 ↗0.001+0.003
→0.006 < 4 · 10→3 3 · 10→4

a
Sign imposed in the analysis (see text for details).

b
Determined from literature data.

c
Outside IBM-CM model space (see Ref. [24] for details).

d
Positive sign determined.

state and the first excited 0+ state, a quadrupole sum
rule analysis [39, 41, 61] was applied to the obtained set of
E2 matrix elements. Since the E2 operator is a spherical
tensor, its products coupled to zero angular momentum
are rotationally invariant. Hence, their expectation val-
ues can be expressed on one hand using charge distribu-
tion parameters defined in the intrinsic frame of the nu-
cleus, and on the other using combinations of E2 matrix
elements measured in the laboratory frame. The first-
order invariant →Q2↑, related to the overall deformation,
is constructed from the squares of E2 matrix elements
connecting the 0+ state of interest to all 2+ states. The
second-order invariant →Q3 cos (3ω)↑ involves triple prod-
ucts of transitional and diagonal E2 matrix elements and
thus requires the knowledge of 2+ quadrupole moments
with their absolute sign, and relative signs of transitional
matrix elements. The quantity →ω↑ indicates the degree
of non-axiality. Specifically, →cos (3ω)↑ is +1 for a pro-
late shape (→ω↑ = 0→), 0 for a maximally triaxial shape
(→ω↑ = 30→), and ↓1 for an oblate shape (→ω↑ = 60→).

Moreover, the third-order invariant →Q4↑ was determined
from the experimental E2 matrix elements, providing in-
formation on the variance of the →Q2↑ invariant. This
quantity, defined as ε(Q2) =

√
→Q4↑ ↓ (→Q2↑)2, is re-

lated to softness in the overall deformation. In forming
the →Q4↑ invariant, one is free to choose the particular
value J for the intermediate coupling of two E2 oper-
ators [41, 48]; we chose J = 0 as it could be reliably
determined from the set of matrix elements obtained in
the present work.
The results of this approach are presented in Table III

and Fig. 3, with contributions of specific products of ma-
trix elements to the obtained invariant quantities listed in
the Supplemental Material [48]. The →Q2↑ of the 0+2 state
is ↔ 2.7 times larger than that of the 0+1 state. However,
the fact that the dispersion of →Q2↑ for the 0+1 state is
comparable with the →Q2↑ value itself indicates that the
ground state of 94Zr exhibits fluctuations about a spheri-
cal shape. In contrast, ε(Q2) for the 0+2 state is consider-
ably smaller than →Q2↑, which suggests a moderate static
deformation. More insight into the shape of the 0+2 state
can be obtained from its value of →cos (3ω)↑ (equivalent to
→ω↑ = 48(+12

↑5 )→), which indicates an oblate deformation
with a possible degree of triaxiality, consistent with the
positive value of the 2+2 spectroscopic quadrupole mo-
ment. For the 0+1 state, the →cos (3ω)↑ value is of limited
relevance since ε(Q2) > →Q2↑.

TABLE III. Results of the quadrupole sum-rules analysis of
experimental E2 matrix elements obtained in the present
work (Exp.) compared with IBM-CM calculations (Th.).

Ji →Q2↓ [e2b2] ω(Q2) [e2b2] →cos(3ε)↓

Exp. Th. Exp. Th. Exp. Th.

0+1 0.112(4) 0.046 0.143(4) 0.094 ↗0.37(7) ↗0.72

0+2 0.305(12) 0.308 0.14(3) 0.153 ↗0.8(2) ↗0.4

The experimental results were compared with IBM-
CM calculations building on Ref. [24]. Using the Qs(2

+
1,2)

values measured in the present work it was possible to fix
the ϑ model parameter to ϑ = +0.6 instead of the previ-
ously adopted ϑ = ↓0.6. This choice does not change the
spectrum reported in Ref. [24] but is responsible for the
prolate-oblate nature of the deformation. The calculated
B(E2) values are shown in Table II. The overall agree-
ment is satisfactory, except for the B(E2; 4+2 ↗ 2+1 ) and
B(E2; 2+3 ↗ 2+2 ) values. For the former, the discrepancy
could occur due to mixing between the 4+2 and 4+1 states,
the latter being outside the IBM-CM model space [24].
The calculated spectroscopic quadrupole moments, re-
ported in Table I, are also in satisfactory agreement with
the experimental results, with a much larger value pre-
dicted for the 2+2 state with respect to the 2+1 state.
The results of the quadrupole sum rules analysis within
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FIG. 1. Portion of the ω-ray energy spectrum observed fol-
lowing Coulomb excitation of the 94Zr beam impinging on a
208Pb target, Doppler corrected for the projectile. Transi-
tions in 95Zr are marked with asterisks and ! denotes a sum
peak. The inset shows the 2+2 → 0+2 transition observed in
ω-ω-particle coincidences (gated on the 0+2 → 2+1 ω-ray tran-
sition).
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FIG. 2. Partial level scheme of 94Zr showing transitions rele-
vant for the present work. The level energies are given in keV.
The number of counts observed for the transitions marked in
black was su”cient to subdivide the data into eight angular
ranges. For the transitions marked in blue, the total number
of counts in coincidence with the SPIDER array was used in
the analysis. The 2+2 → 0+2 transition was observed only in ω-
ω-particle coincidences (dashed blue). Transitions marked in
red have not been observed in the present experiment, but the
corresponding matrix elements were considered in the data
analysis with the GOSIA code.

the largest spectroscopic factors for one-neutron trans-
fer [46], and the observed populations are in line with
the transfer cross sections measured in, e.g., Ref. [47] for
conditions in which the nuclear interaction had a negli-
gible influence on the excitation process.

The extracted numbers of ω-particle coincidences for
the observed transitions in 94Zr, presented in the Sup-
plemental Material [48], were analyzed using the GOSIA
code [49]. The measured yields were divided into the
eight angular ranges defined by the SPIDER segmen-
tation [44] to exploit the angular dependence of the
Coulomb-excitation cross sections, except for weaker

transitions for which the coincidences with the entire
SPIDER array were considered (see Fig. 2). While the
present experiment was insensitive to B(M1) and B(E1)
values, the corresponding matrix elements were included
in the multidimensional GOSIA fit together with those
for E2 and E3 multipolarities, and their values were con-
strained by complementary spectroscopic data. The level
lifetimes were taken from Refs. [36, 50], the E2/M1 mix-
ing ratios from Ref. [51], and the branching ratios from
Refs. [36, 51–53]. The final set of matrix elements ob-
tained in the analysis reproduces all these values within
±1ε uncertainty. Moreover, the level scheme consid-
ered in the fit was extended to higher excitation energy
to account for possible excitations of unobserved states,
and observation upper limits were imposed constraining
the unobserved 2+3 → 0+2 and 2+4 → 0+1 transitions, for
which branching ratios are unknown. The intensity of the
(6+1 ) → 4+2 transition has been included in the analysis,
but due to ambiguities [51, 52, 54] regarding the spin of
the presumed (6+1 ) state at 3142 keV, the corresponding
matrix element is not reported. Absolute normalization
of the measured cross sections was achieved via inclusion
in the fit of a weighted average of the 2+1 lifetimes [55–
57] and consequently the analysis was not sensitive to the
B(E2; 2+1 → 0+1 ) value [39, 58]. The following sign con-
vention was imposed for E2 matrix elements: those for
in-band transitions were assumed to be positive, as well
as those of ↑0+2 ↓E2↓2+1 ↔, ↑2

+
1 ↓E2↓2+3 ↔ and ↑2+1 ↓E2↓2+4 ↔,

with the signs of remaining matrix elements determined
relative to them.

The present work determined Qs of the 2+1,2 states in
94Zr (Table I) – the first such determination in the Zr iso-
topic chain [59]. Moreover, a large number of E2 matrix
elements were precisely measured that are reported in
Table II together with the corresponding B(E2) values.
In addition, the B(E3; 3→1 → 0+1 ) = 33(3) W.u. value was
extracted from the data, which agrees with the evaluated
value [60], but is considerably more precise.

The di!erent deformations of two structures in 94Zr
are evidenced by the large di!erence between the spectro-
scopic quadrupole moments measured for the 2+1,2 states
(Table I). To get more precise, model-independent infor-
mation on the nuclear charge distribution in the ground

TABLE I. Diagonal E2 matrix elements measured in the
present work and corresponding spectroscopic quadrupole
moments, compared with those resulting from IBM-CM cal-
culations.

Ji ↑Ji↓E2↓Ji↔ [eb] Qs(Ji) [eb]

Exp. Exp. IBM-CM

2+1 +0.131+0.013
→0.030 +0.099+0.010

→0.025 +0.066

2+2 +0.37(4) +0.28(3) +0.31

N. Marchini, M. Rocchini, M. Zielinska et al. submitted to Phys. Lett. B
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Mass Nuclei 

The Zr Isotopic 
Chain and QPTs 

Coulex 
Experiment 
on 94Zr 

Model-
Independent 
Determination of 
Shapes in 94Zr
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TABLE II. Transitional E2 matrix elements obtained in the
present work (with the exception of →0+1 ↑E2↑2+1 ↓ provided
for completeness) and corresponding B(E2) values compared
with those resulting from IBM-CM calculations.

Ji ↔ Jf →Jf↑E2↑Ji↓ [eb] B(E2; Ji ↔ Jf ) [W.u.]

Exp. Exp. IBM-CM

2+1 ↗↔ 0+1 +0.250(7)ab 4.8(2)b 2.7

0+2 ↗↔ 2+1 +0.155(4)a 9.5(5) 9.3

4+1 ↗↔ 2+1 +0.141(4)a 0.87(5) —c

2+2 ↗↔ 0+2 +0.484(12)a 18.5(9) 20.2

2+2 ↗↔ 2+1 +0.03(3) < 0.3 1.49

2+2 ↗↔ 0+1 +0.221(6) 3.9(2) 0.82

4+2 ↗↔ 2+2 +0.96(3)a 40(3) 26.6

4+2 ↗↔ 2+1 +0.607(16) 16.1(9) 2.1

2+3 ↗↔ 2+2 +0.249+0.019
→0.040 4.9+0.7

→1.6 17.3

2+3 ↗↔ 0+2 < 0.13d < 1.3 0.07

2+3 ↗↔ 2+1 +0.290+0.014
→0.012

a 6.6+0.6
→0.5 1.2

2+3 ↗↔ 0+1 ↗0.0182+0.0016
→0.0020 0.026+0.005

→0.006 0.001

2+4 ↗↔ 2+3 ↗0.02+0.06
→0.03 < 0.2 2.44

2+4 ↗↔ 2+2 ±0.073+0.030
→0.018 0.4+0.3

→0.2 0.1

2+4 ↗↔ 0+2 ±0.177+0.010
→0.005 2.47+0.30

→0.14 0.06

2+4 ↗↔ 2+1 +0.092+0.006
→0.004

a 0.67+0.09
→0.06 0.001

2+4 ↗↔ 0+1 ↗0.001+0.003
→0.006 < 4 · 10→3 3 · 10→4

a
Sign imposed in the analysis (see text for details).

b
Determined from literature data.

c
Outside IBM-CM model space (see Ref. [24] for details).

d
Positive sign determined.

state and the first excited 0+ state, a quadrupole sum
rule analysis [39, 41, 61] was applied to the obtained set of
E2 matrix elements. Since the E2 operator is a spherical
tensor, its products coupled to zero angular momentum
are rotationally invariant. Hence, their expectation val-
ues can be expressed on one hand using charge distribu-
tion parameters defined in the intrinsic frame of the nu-
cleus, and on the other using combinations of E2 matrix
elements measured in the laboratory frame. The first-
order invariant →Q2↑, related to the overall deformation,
is constructed from the squares of E2 matrix elements
connecting the 0+ state of interest to all 2+ states. The
second-order invariant →Q3 cos (3ω)↑ involves triple prod-
ucts of transitional and diagonal E2 matrix elements and
thus requires the knowledge of 2+ quadrupole moments
with their absolute sign, and relative signs of transitional
matrix elements. The quantity →ω↑ indicates the degree
of non-axiality. Specifically, →cos (3ω)↑ is +1 for a pro-
late shape (→ω↑ = 0→), 0 for a maximally triaxial shape
(→ω↑ = 30→), and ↓1 for an oblate shape (→ω↑ = 60→).

Moreover, the third-order invariant →Q4↑ was determined
from the experimental E2 matrix elements, providing in-
formation on the variance of the →Q2↑ invariant. This
quantity, defined as ε(Q2) =

√
→Q4↑ ↓ (→Q2↑)2, is re-

lated to softness in the overall deformation. In forming
the →Q4↑ invariant, one is free to choose the particular
value J for the intermediate coupling of two E2 oper-
ators [41, 48]; we chose J = 0 as it could be reliably
determined from the set of matrix elements obtained in
the present work.
The results of this approach are presented in Table III

and Fig. 3, with contributions of specific products of ma-
trix elements to the obtained invariant quantities listed in
the Supplemental Material [48]. The →Q2↑ of the 0+2 state
is ↔ 2.7 times larger than that of the 0+1 state. However,
the fact that the dispersion of →Q2↑ for the 0+1 state is
comparable with the →Q2↑ value itself indicates that the
ground state of 94Zr exhibits fluctuations about a spheri-
cal shape. In contrast, ε(Q2) for the 0+2 state is consider-
ably smaller than →Q2↑, which suggests a moderate static
deformation. More insight into the shape of the 0+2 state
can be obtained from its value of →cos (3ω)↑ (equivalent to
→ω↑ = 48(+12

↑5 )→), which indicates an oblate deformation
with a possible degree of triaxiality, consistent with the
positive value of the 2+2 spectroscopic quadrupole mo-
ment. For the 0+1 state, the →cos (3ω)↑ value is of limited
relevance since ε(Q2) > →Q2↑.

TABLE III. Results of the quadrupole sum-rules analysis of
experimental E2 matrix elements obtained in the present
work (Exp.) compared with IBM-CM calculations (Th.).

Ji →Q2↓ [e2b2] ω(Q2) [e2b2] →cos(3ε)↓

Exp. Th. Exp. Th. Exp. Th.

0+1 0.112(4) 0.046 0.143(4) 0.094 ↗0.37(7) ↗0.72

0+2 0.305(12) 0.308 0.14(3) 0.153 ↗0.8(2) ↗0.4

The experimental results were compared with IBM-
CM calculations building on Ref. [24]. Using the Qs(2

+
1,2)

values measured in the present work it was possible to fix
the ϑ model parameter to ϑ = +0.6 instead of the previ-
ously adopted ϑ = ↓0.6. This choice does not change the
spectrum reported in Ref. [24] but is responsible for the
prolate-oblate nature of the deformation. The calculated
B(E2) values are shown in Table II. The overall agree-
ment is satisfactory, except for the B(E2; 4+2 ↗ 2+1 ) and
B(E2; 2+3 ↗ 2+2 ) values. For the former, the discrepancy
could occur due to mixing between the 4+2 and 4+1 states,
the latter being outside the IBM-CM model space [24].
The calculated spectroscopic quadrupole moments, re-
ported in Table I, are also in satisfactory agreement with
the experimental results, with a much larger value pre-
dicted for the 2+2 state with respect to the 2+1 state.
The results of the quadrupole sum rules analysis within
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FIG. 1. Portion of the ω-ray energy spectrum observed fol-
lowing Coulomb excitation of the 94Zr beam impinging on a
208Pb target, Doppler corrected for the projectile. Transi-
tions in 95Zr are marked with asterisks and ! denotes a sum
peak. The inset shows the 2+2 → 0+2 transition observed in
ω-ω-particle coincidences (gated on the 0+2 → 2+1 ω-ray tran-
sition).
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FIG. 2. Partial level scheme of 94Zr showing transitions rele-
vant for the present work. The level energies are given in keV.
The number of counts observed for the transitions marked in
black was su”cient to subdivide the data into eight angular
ranges. For the transitions marked in blue, the total number
of counts in coincidence with the SPIDER array was used in
the analysis. The 2+2 → 0+2 transition was observed only in ω-
ω-particle coincidences (dashed blue). Transitions marked in
red have not been observed in the present experiment, but the
corresponding matrix elements were considered in the data
analysis with the GOSIA code.

the largest spectroscopic factors for one-neutron trans-
fer [46], and the observed populations are in line with
the transfer cross sections measured in, e.g., Ref. [47] for
conditions in which the nuclear interaction had a negli-
gible influence on the excitation process.

The extracted numbers of ω-particle coincidences for
the observed transitions in 94Zr, presented in the Sup-
plemental Material [48], were analyzed using the GOSIA
code [49]. The measured yields were divided into the
eight angular ranges defined by the SPIDER segmen-
tation [44] to exploit the angular dependence of the
Coulomb-excitation cross sections, except for weaker

transitions for which the coincidences with the entire
SPIDER array were considered (see Fig. 2). While the
present experiment was insensitive to B(M1) and B(E1)
values, the corresponding matrix elements were included
in the multidimensional GOSIA fit together with those
for E2 and E3 multipolarities, and their values were con-
strained by complementary spectroscopic data. The level
lifetimes were taken from Refs. [36, 50], the E2/M1 mix-
ing ratios from Ref. [51], and the branching ratios from
Refs. [36, 51–53]. The final set of matrix elements ob-
tained in the analysis reproduces all these values within
±1ε uncertainty. Moreover, the level scheme consid-
ered in the fit was extended to higher excitation energy
to account for possible excitations of unobserved states,
and observation upper limits were imposed constraining
the unobserved 2+3 → 0+2 and 2+4 → 0+1 transitions, for
which branching ratios are unknown. The intensity of the
(6+1 ) → 4+2 transition has been included in the analysis,
but due to ambiguities [51, 52, 54] regarding the spin of
the presumed (6+1 ) state at 3142 keV, the corresponding
matrix element is not reported. Absolute normalization
of the measured cross sections was achieved via inclusion
in the fit of a weighted average of the 2+1 lifetimes [55–
57] and consequently the analysis was not sensitive to the
B(E2; 2+1 → 0+1 ) value [39, 58]. The following sign con-
vention was imposed for E2 matrix elements: those for
in-band transitions were assumed to be positive, as well
as those of ↑0+2 ↓E2↓2+1 ↔, ↑2

+
1 ↓E2↓2+3 ↔ and ↑2+1 ↓E2↓2+4 ↔,

with the signs of remaining matrix elements determined
relative to them.

The present work determined Qs of the 2+1,2 states in
94Zr (Table I) – the first such determination in the Zr iso-
topic chain [59]. Moreover, a large number of E2 matrix
elements were precisely measured that are reported in
Table II together with the corresponding B(E2) values.
In addition, the B(E3; 3→1 → 0+1 ) = 33(3) W.u. value was
extracted from the data, which agrees with the evaluated
value [60], but is considerably more precise.

The di!erent deformations of two structures in 94Zr
are evidenced by the large di!erence between the spectro-
scopic quadrupole moments measured for the 2+1,2 states
(Table I). To get more precise, model-independent infor-
mation on the nuclear charge distribution in the ground

TABLE I. Diagonal E2 matrix elements measured in the
present work and corresponding spectroscopic quadrupole
moments, compared with those resulting from IBM-CM cal-
culations.

Ji ↑Ji↓E2↓Ji↔ [eb] Qs(Ji) [eb]

Exp. Exp. IBM-CM

2+1 +0.131+0.013
→0.030 +0.099+0.010

→0.025 +0.066

2+2 +0.37(4) +0.28(3) +0.31

Evidence for 
spherical-oblate 

shape coexistence 
in 94Zr
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Summary
Low-energy Coulomb excitation at LNL 

▸ Well-established activity which involves many users and institutions 

▸ Currently exploiting AGATA and SPIDER with stable beams 

▸ New possibilities will be offered soon by SPES

Coulex of 94Zr 

▸ A high-statistics Coulomb-excitation experiment was performed at LNL 

▸ 17 transitional matrix elements with relative signs and 2 diagonal 
matrix elements with absolute signs extracted 

▸ Model-independent determination of spherical-oblate shape 
coexistence from the obtained quadrupole moments and rotational 
invariants
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