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Photons from heavy ion collisions
• The hard partonic processes in the heavy ion collision 

produce quarks, gluons and primary photons

• At a later stage, quarks and gluons form a plasma.

• A jet traveling through the QGP can radiate jet-thermal 
photons

• Scatterings of thermal partons can produce thermal 
photons

• Later on, partons hadronize. Interactions between charged 
hadrons produce hadron gas thermal photons

• Hadrons may decay into decay photons



In this talk
• In this talk: the thermal, real photon rate at NLO in an 

infinite, equilibrated medium (and a sneak peek at jets)

• In this conference:

• Off-equilibrium, viscous media: C. Shen, U. Heinz  and G. 
Vujanovic

• Lattice calculations for dileptons: H. T. Ding

• Large invariant mass dileptons: M. Laine

• This symbol:          ⇒ technical, look for details in the paper 
if you are interested (or just come ask me)



Motivation
• Improve the phenomenological analyses, if not by 

giving reliable theory error bands

• On the theory side, understand perturbation theory and 
its convergence better

• For thermodynamical quantities (p, s, ...) either strict 
expansion in g, QCD (T) + EQCD (gT) + MQCD (g2T) 
(Arnold-Zhai, Braaten Nieto, etc) or non-perturbative 
solution of EQCD (Kajantie Laine etc)

• For dynamical quantities? Poor convergence in heavy-
quark diffusion coefficient. Need to understand O(g)
Caron-Huot Moore PRL100, JHEP0802 (2008)



 

Overview



• Wightman current-current correlator 

• Real, hard photon: k0=k≳T

• At one loop (!EM g0):

Kinematically forbidden. Need to kick one of the quarks  
off-shell 

• Leading order is !EM g2

• Strength of the kick (virtuality) determines the momentum 
region of the calculation

LO diagrams:

1 loop O(αEM):

K

Kinematically disallowed for light-like K
(both quarks can’t be on-shell simultaneously)

2 loops O(αEMαs):

K K
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• Define a light-cone

• Momentum conservation at the current insertion 
gives three regions

• Hard off-shell

• Soft, smaller phase space but enhancement

• Collinear, both nearly on shell and enhanced

P = (p+, p�, p?)

K = (k, 0, 0)

p+ = (p0 + pz)/2 p� = p0 � pz

K

K � P P

P
K � P

K � P P

Kinematical regions
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• In the               plane (P = quark loop momentum)

Kinematical regions

p+

p?

TgT

gT

T

Collinear

Hard

Soft

2→
2 r

egi
on

LO 
log

P = (T, T, T ), P 2 ⇠ T 2

p+ = (p0 + pz)/2 p� = p0 � pz

P = (T, g2T, gT ), P 2 ⇠ g2T 2

P = (gT, gT, gT ), P 2 ⇠ g2T 2

(p+, p?)

P = (p+, p�, p?)



• Two loop diagrams (!EM g2)

where the cuts correspond to the so-called 2↔2 
processes (with their crossings and interferences):

• IR divergence (Compton) when t goes to zero

The 2↔2 region
LO diagrams:

1 loop O(αEM):

K

Kinematically disallowed for light-like K
(both quarks can’t be on-shell simultaneously)

2 loops O(αEMαs):

K K

LO diagrams
Cut diagrams correspond to:

Compton scattering:

t ∝

∫

dq2
⊥

dσ

dq2
⊥

Pair annihilation:

t ∝

∫

dq2
⊥

dσ

dq2
⊥

Every time a scattering takes place, a quark can convert to a photon
⇒ For (K 2 = 0) t −→ 0, IR divergence:
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• The IR divergence is cured by a proper resummation in 
the soft sector through the Hard Thermal Loop effective 
theory Braaten Pisarski NPB337 (1990)

Introducing the soft scale



Leading order: Soft region Kapusta, Lichard, Seibert

Landau cut opens up phase space:

K

Soft spacelike quark

∝ ln

(
ΛUV

m∞

)

+#

Hard computation mangles the soft ∼ gT scale: IR divergence
Soft computation mangles the hard ∼ T scale: UV divergence
⇒ Dependence on cut off cancels in the sum
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)

+ #
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TgT
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UV/IR

• The IR divergence is cured by a proper resummation in 
the soft sector through the Hard Thermal Loop effective 
theory Braaten Pisarski NPB337 (1990)

• The Landau cut of the HTL propagator opens up the 
phase space in this (apparently one-loop) diagram

Introducing the soft scale



Leading order: Soft region Kapusta, Lichard, Seibert

Landau cut opens up phase space:

K

Soft spacelike quark

∝ ln

(
ΛUV

m∞

)

+#

Hard computation mangles the soft ∼ gT scale: IR divergence
Soft computation mangles the hard ∼ T scale: UV divergence
⇒ Dependence on cut off cancels in the sum

ln

(
Λ2

UV

m2
∞

)

+ #

︸ ︷︷ ︸

Soft: HTL

+ ln

(
k0T

Λ2
IR

)

︸ ︷︷ ︸

Hard: Bare

= ln

(
k0T

m2
∞

)

+ #

TgT

HTL Bare

UV/IR

• The IR divergence is cured by a proper resummation in 
the soft sector through the Hard Thermal Loop effective 
theory Braaten Pisarski NPB337 (1990)

• The Landau cut of the HTL propagator opens up the 
phase space in this (apparently one-loop) diagram

• In the end one obtains the result 

The dependence on the cutoff cancels out 
Kapusta Lichard Siebert PRD44 (1991) Baier Nakkagawa Niegawa Redlich ZPC53 (1992)

Introducing the soft scale
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The collinear region

• These diagrams contribute to LO if small (g) angle radiation/
annihilation Aurenche Gelis Kobes Petitgirard Zaraket 1998-2000

• Photon formation times is then of the same order of the soft 
scattering rate ⇒ interference: LPM effect

• Requires resummation of infinite number of ladder diagrams

AMY (Arnold Moore Yaffe) JHEP 0111, 0112, 0226 (2001-02)

g g

Figure 5. Collinear diagrams. In the first case, called the bremsstrahlung diagram, the angle
between the emitted photon and the outgoing emitting fermion is of order g. In the second case,
called the pair annihilation diagram, it is the angle between the annihilating quark and antiquark
that is of order g. The diagrams where the gluon is attached to the other fermionic line are not
show. In both cases the gluon is soft and is scattering on the hard constituents of the plasma, i.e.,
it is an HTL gluon in the Landau cut. In these diagrams the gluon is scattering o↵ light quarks
(the hard lines at the bottom). The corresponding case with gluons is not shown. {fig_collinear}

In terms of the two-point function these processes correspond to diagrams with the

two nearly collinear fermion lines connected with arbitrary number of soft spacelike gluons

with same kinematics as Q. In [14, 15] Arnold, Moore and Ya↵e (AMY) showed that it is

only the ladder-type diagrams shown in Fig. 6 that contribute to leading order calculation;

the factors of g arising from additional vertices are canceled by near on-shell propagators

and large statistical factors arising from the gluonic propagators. The near on-shellness of

the quark lines makes the diagrams sensitive to thermal mass m2
1 ⇠ g

2
T

2 and the thermal

width � ⇠ g

2
T of the quark lines, which need to be consistently resummed. Furthermore

AMY showed how these diagrams can be resummed in terms of a Schrödinger equation

type di↵erential equation, and they obtained the complete leading-order results in [15]. In

Sec. 3 we will discuss in detail this equation in the context of the treatment of its NLO

corrections.
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Figure 6. The uncrossed ladder diagrams that need to be resummed to account for the LPM e↵ect
in the collinear region. The cut shown here corresponds to the interference term on the right-hand
side. The rungs on the l.h.s. are HTL gluons in the Landau cut. On the r.h.s., the crosses at the
lower hand of the gluons represent the hard scattering centers, either gluons or fermions. {fig_lpm}
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LPM resummation
• Quark statistical functions × DGLAP splitting × 

transverse evolution

• Transverse diffusion and Wilson-loop correlators evolve 
the transverse density f along the spacetime light-cone

Zakharov 1996-98 AMY 2001-02 

d�

d

3
k

=
↵

⇡

2
k

Z
dp

+

2⇡
nF(k + p

+)[1� nF(p
+)]

(p+)2 + (p+ + k)2

2(p+(p+ + k))2
lim

x?!0
2Rer

x?f(x?)

�2ir�

2(x?) =


ik

2p+(k + p

+)

⇣
m

2
1 �r2

x?

⌘
+ C(x?)

�
f(x?)

Collinear case

Collinear ⇒ almost on-shell ⇒ large x separation

x− " x⊥ " x+
(1/T ! 1/gT ! 1/g2T )

Consider spacetime trajectory of q, q̄:

Jµ Jµ

x

x

Trajectory in

Trajectory in

M

M

Wilson Loop Controls
Gauge Interactions

Need x⊥-separated Wilson loop.

Spacetime picture pioneered by B. Zakharov, hep-ph/9607440,9807540

XQCD, Bern, 4 Aug. 2013: Seite 14 von 25
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• Asymptotic mass

• Light-cone Wilson loop, related to 

LPM resummation: two inputs

• Soft contribution becomes Euclidean! Caron-Huot PRD79 
(2008), can be “easily” computed in perturbation theory 
Possible lattice measurements Laine Rothkopf JHEP1307 
(2013) Panero Rummukainen Schäfer 1307.5850 talk by Panero

y2 x2

x1y1

Figure 2.1: Static Wilson loop with edges y1 = (�TW /2, r/2), x1 = (TW /2, r/2), y2 =
(�TW /2,�r/2) and x2 = (TW /2,�r/2). Time direction is from left to right, thus the
quark trajectories are horizontal and the equal-time endpoint Wilson lines are vertical.

where P is the path-ordering operator and the integration contour ⇤ is represented in
Fig. 2.1. The Wilson loop vacuum amplitude can also be expressed as a path integral

hW⇤i =
Z

DADqDqe�iS(0)
TrP exp

⇢

�ig

I

⇤
dxµAa

µ(x)T a

�

(2.8)

where q and q are the light quark fields and S(0) is the Yang-Mills plus light-quark action
of QCD.
At zeroth order in the multipole expansion (2.3) and in the static limit the corresponding
pNRQCD Green function can be derived from the Lagrangian (1.37)

GpNRQCD = Z(0)
s (r)�3(x1 � y1)�3(x2 � y2)e�iT

W

V
(0)
s

(r). (2.9)

We now need to single out the soft scale: exploiting the fact that this scale is much
greater than the ultrasoft scale E we can consider the large TW limit of the Wilson loop,
equivalent to the �E ! 0 limit. We thus have

i

TW
loghW⇤i = u0(r) + i

u1(r)
TW

+O
✓

1
T 2

W

◆

, (2.10)

and in the infinite-time limit the higher-order terms in the 1/TW expansion are sup-
pressed. We have also dropped terms that do not depend on r, such as self energies.
These terms can arise both in the perturbative and non-perturbative regions, but are
not relevant for the potential. The matching condition GNRQCD = GpNRQCD at the
matching scale µ (the two theories and their Green functions are of course in general
not equal; they are so only in the region where pNRQCD exists) then implies

(

V (0)
s (r) = u0(r)

log Z(0)
s (r) = u1(r)

(2.11)

So we see that the potential at this order of the multipole expansion is simply linked to
the vacuum expectation value of the Wilson loop by the relation

V (0)
s (r) = u0(r) = � lim

T
W

!1

1
iTW

loghW⇤i. (2.12)
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2.2 Application to Jet Evolution

The dominant energy loss mechanism of high energy particles (at weak coupling) is
bremsstrahlung (including quark-antiquark pair production), triggered by soft colli-
sions against plasma constituents. The theoretical description of these processes, at
the leading order in the coupling, is well-established [28] [29] [30]. Their duration tform
depends on the energy of the participants, and can interpolate between the Bethe-
Heitler (single scattering) regime tform ∼ E/q2⊥ ∼ E/m2

D at energies E <
∼ T , and the

Landau-Pomeranchuk-Migdal (LPM) [31] (multiple-scattering) regime at high ener-
gies E " T , with tform ∼

√

E/q̂, in which destructive interference between different
collisions plays a significant role.

In all of these regimes, however, the description factors into a “hard” collinear split-
ting vertex (Dokshitzer-Gribov-Lipatov-Altarelli-Parisi, DGLAP vertex [33]), times an
amplitude (wavefunction in the transverse plane) which describes the in-medium evo-
lution of the vertex. The latter accounts for the collisions which trigger, and occur
during, the splitting process [28] [29] [30]. The DGLAP vertices themselves only in-
volves hard scale physics (in essence, they are Clebsch-Gordon coefficients between
states of different helicities) and thus cannot receive O(g) corrections; the NLO ef-
fects, which come from soft classical fields with p ∼ gT , are included in their dressing
amplitude.

In section 6 we discuss these amplitudes at NLO and show that the relevant (three-
body) collision kernel factors as a sum of two-body kernels C(q⊥), exactly like the LO
one does [28] [29] [30, 32]. As a consequence, our results can be used to give a full NLO
treatment of radiative jet energy loss; one must simply include the NLO shift (20) to
the two-body kernel C(q⊥) which serves as an input to these calculations2.

2.3 Momentum broadening coefficient (q̂)

When the effects of a large number of small collisions are added together, it is natural
to replace them by an effective diffusive process. The diffusion coefficient relevant for
transverse momentum broadening, q̂, is defined as the second moment of the collision
kernel (1):

q̂ ≡
∫ qmax

0

d2q⊥
(2π)2

q2⊥C(q⊥). (2)

The ultraviolet cutoff |q⊥| < qmax is needed to deal with the weak power-law falloff
C(q⊥) ∼ g4T 3/q4⊥ at large q⊥, which leads to a logarithmic dependence of q̂ on qmax.
This is a leading order logarithm; below we shall comment on the value of the cutoff
qmax. Using our NLO kernel (20) we can calculate the expansion of q̂ up to terms of

2 For instance, one would simply modify “C(q⊥)” in [32], which is actually equal to C(q⊥)/(g2CsT )
in our conventions.
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Going to NLO



Sources of NLO corrections

• As usual in thermal field theory, the soft scale gT 
introduces NLO O(g) corrections

• The soft region and the collinear region both receive 
O(g) corrections

• There is a new semi-collinear region

• The NLO calculation is still not sensitive to the 
magnetic scale g2T. 
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• For v=xz/t=∞ correlators (such as propagators) are the 
equal time Euclidean correlators.

• Causality: retarded functions analytic for positive 
imaginary parts of all timelike and lightlike variables: 
the above result can be extended to the lightcone

• The sums are dominated by the zero mode for soft 
physics=>EQCD!

• Equivalent to sum rules
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Euclideanization of light-cone soft 
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G>

G>



• Four sources of O(g) corrections

•         at NLO, Caron-Huot PRD79 (2009) 125002

•          at NLO ⇒ one-loop rungs Caron-Huot PRD79 (2009) 
065039

• p+~gT or p++k~gT. Mistreated soft limit

•                                   . Mistreated semi-collinear limit

• Identify and subtract the limiting behaviors thereof

The collinear sector

p? ⇠ p
gT, p� ⇠ gT
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How reliable are LO Calculations?

Bad news 1: first corrections are O(g), not O(αs)

Soft gluons involved! Loop gives αs and Bose factor ∼ T/gT ∼ 1/g

And there are a lot of O(g) corrections!

(d)(c)(b)(a) (e) (f) (g)

LO requires using (a) as rung. NLO requires all!

Bad news 2: O(g) coefficient likely to be large!

NLO Not Computed! But similar computation for heavy quarks

indicate large O(g) NLO corrections. Similar to pressure at

O(g2), O(g3), possibly for similar reasons

BNL Photons: 5 December 2011: page 19 of 27
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The NLO soft region

• 4 diagrams with HTL vertices and propagators on the soft line

• Could brute-force them numerically. Or think again about 
analyticity, light-cones

that the structure of the NLO correction arising from the collinear region is then
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where the first term is due to O(g) shift in m

2
1 and the in the second term they arise from

considering one-loop soft rungs rather than tree-level ones in the ladder resummation.

In the soft region, the addition of an extra soft gluon to the diagram in Fig. 4 results in

the diagrams shown in Fig. 8, which represent an O (g) correction. In particular, wherever

Figure 8. Diagrams contributing to the NLO fully soft rate. The black blobs are bare+HTL
vertices, plain lines and gluons are soft. We call these four diagrams, from left to right, the soft-soft
self-energy, the tadpole, the hard-soft self-energy and the cat eye. {fig_nlo_soft}

a gluon ends on a soft fermion line, all momenta flowing in that quark-gluon vertex are of

order gT . This causes the bare and HTL vertices to be of the same order, requiring the

inclusion of the HTL vertex, as shown in the first and last diagrams in Fig. 8. Furthermore,

the two-quark, two-gluon HTL gives rise to a new topology, the second diagram in that

figure.

The complicated analytic structure of the HTL vertices and propagators, with their

branch cuts and imaginary parts, as well as the non-trivial functional dependence on the

momenta, would in principle make the calculation of the diagrams in Fig. 8 technically

intricate and only amenable to a multi-dimensional numerical integration. However in

Sec. 4 we develop a set of sum rules, based on these amplitudes’ analyticity properties in

the complex plane, which are in turn related to causality. These sum rules, as we shall

show, simplify the calculation dramatically, leading to an analytical result.

The first diagram in Fig. 8 is the soft limit of the self-energy included in the soft leading-

order calculation, see Fig. 4. The HTL self-energy used in the leading-order calculation

includes an integral over this loop momentum which extends down to zero, with O(g) of

the contribution arising from O(g) loop momenta. Therefore, the first diagram in Fig. 8

has already been included – in fact mistreated, since a Q � P approximation is performed

where it is not applicable – in the leading-order calculation. Therefore we have to subtract

this soft-loop part of the HTL calculation to avoid double counting and to correct this

mistreatment. We do this by subtracting a counterterm diagram shown in Figure 9.

Similarly, in the calculation of the leading order collinear rate, an O(g) part of p+

integration arises from the kinematical region where p

+ is soft and so overlaps with the

soft kinematic region. This contribution is correctly dealt with by the soft contribution,

and the mistreated LO contribution must be subsequently subtracted. The structure of
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The soft region: sum rules
• We have found the fermionic analogue of the Aurenche 

Gelis Zaraket JHEP0205 (2002) sum rule

• The leading-order soft contribution (P soft)

where S(P ) =
1

2

⇥
(�0 � ~� · p̂)S+(P ) + (�0 + ~� · p̂)S�(P )

⇤

Evaluation of the fully-soft contribution to the photon rate

May 4, 2012

1 Definitions and conventions

Throughout this document, uppercase letters are four-vectors and lowercase ones are three-
vectors. The metric is (�+++).
The photon production rate is given by
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where the upper sign refers to the positive helicity component and vice versa. The helicity
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2 Leading-order evaluation and introduction to the light-
cone sum rules

The quark tensor W in Eq. (1) becomes, at the zeroth order in g,
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Fermionic sum rules
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Fermionic sum rules

• A retarded propagator is an analytic function of Q in the 
upper half-plane not just in the frequency, but in any 
time-like or light-like variable
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Fermionic sum rules

• A retarded propagator is an analytic function of Q in the 
upper half-plane not just in the frequency, but in any 
time-like or light-like variable
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Fermionic sum rules

• A retarded propagator is an analytic function of Q in the 
upper half-plane not just in the frequency, but in any 
time-like or light-like variable

• Deform the contour away from the real axis
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Fermionic sum rules

• Along the arcs at large complex p+ the integrand has a 
very simple behavior
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Fermionic sum rules

• Along the arcs at large complex p+ the integrand has a 
very simple behavior

• The integral then gives simply
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Fermionic sum rules

• Along the arcs at large complex p+ the integrand has a 
very simple behavior

• The integral then gives simply

• The       integral is UV-log divergent, giving the LO UV-
divergence that cancels the IR divergence at the hard 
scale, now analytically
Independently obtained by Besak Bödeker JCAP1203 (2012)
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The NLO soft region

• At NLO one can use the KMS relations and the ra basis to 
write the diagrams in terms of fully retarded and fully 
advanced functions of P. The hard only depend on p-.

• The contour deformations are then again possible and the 
diagrams can be expanded for large complex p+. On general 
grounds we expect
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that the structure of the NLO correction arising from the collinear region is then
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where the first term is due to O(g) shift in m

2
1 and the in the second term they arise from

considering one-loop soft rungs rather than tree-level ones in the ladder resummation.

In the soft region, the addition of an extra soft gluon to the diagram in Fig. 4 results in

the diagrams shown in Fig. 8, which represent an O (g) correction. In particular, wherever

Figure 8. Diagrams contributing to the NLO fully soft rate. The black blobs are bare+HTL
vertices, plain lines and gluons are soft. We call these four diagrams, from left to right, the soft-soft
self-energy, the tadpole, the hard-soft self-energy and the cat eye. {fig_nlo_soft}

a gluon ends on a soft fermion line, all momenta flowing in that quark-gluon vertex are of

order gT . This causes the bare and HTL vertices to be of the same order, requiring the

inclusion of the HTL vertex, as shown in the first and last diagrams in Fig. 8. Furthermore,

the two-quark, two-gluon HTL gives rise to a new topology, the second diagram in that

figure.

The complicated analytic structure of the HTL vertices and propagators, with their

branch cuts and imaginary parts, as well as the non-trivial functional dependence on the

momenta, would in principle make the calculation of the diagrams in Fig. 8 technically

intricate and only amenable to a multi-dimensional numerical integration. However in

Sec. 4 we develop a set of sum rules, based on these amplitudes’ analyticity properties in

the complex plane, which are in turn related to causality. These sum rules, as we shall

show, simplify the calculation dramatically, leading to an analytical result.

The first diagram in Fig. 8 is the soft limit of the self-energy included in the soft leading-

order calculation, see Fig. 4. The HTL self-energy used in the leading-order calculation

includes an integral over this loop momentum which extends down to zero, with O(g) of

the contribution arising from O(g) loop momenta. Therefore, the first diagram in Fig. 8

has already been included – in fact mistreated, since a Q � P approximation is performed

where it is not applicable – in the leading-order calculation. Therefore we have to subtract

this soft-loop part of the HTL calculation to avoid double counting and to correct this

mistreatment. We do this by subtracting a counterterm diagram shown in Figure 9.

Similarly, in the calculation of the leading order collinear rate, an O(g) part of p+

integration arises from the kinematical region where p

+ is soft and so overlaps with the

soft kinematic region. This contribution is correctly dealt with by the soft contribution,

and the mistreated LO contribution must be subsequently subtracted. The structure of
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The soft region
• The (1/p+)0  term has to be exactly the subtraction term we have 

mentioned before in the collinear region, to cancel the cutoff 
dependence. Confirmed by explicit calculation

• At order 1/p+ we had the LO result. We can expect

The explicit calculation finds just this contribution.

• The contribution from HTL vertices goes like (1/p+)2 or smaller 
on the arcs.
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• Seemingly different processes boiling down to wider-angle 
radiation

• Evaluation: introduce “modified    ” that keep tracks of the 
changes in the small light-cone component p- of the quarks

• The “modified    ” can also be evaluated in EQCD   
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Summary 
• LO rate

• NLO correction

• Fits available in the paper
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Figure 18. (a) The function, C(k/T ), parametrizing the photon emission rate for Nc = Nf = 3
and ↵s = 0.3 (see Eq. (6.8) and Eq. (2.9)). The full next to leading order function (CLO+NLO) is
a sum of the leading order result (CLO), a collinear correction (�Ccoll), and a soft+semi-collinear
correction (�Csoft+sc). The dashed curve labeled CLO + �Ccoll shows the result when only the
collinear correction is included, with the analogous notation for the CLO + �Csoft+sc curve. The
di↵erence between the dashed curves provides a uncertainty estimate for the NLO calculation. (b)
The same as (a) but for larger k/T . {plot_c_30_1}
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In Fig. 18, we start by plotting the function CLO+NLO(k/T ) for ↵s = 0.3 and Nc =

Nf = 3. In the phenomenologically interesting momentum range, k/T ⇠ 10, the collinear

and semi-collinear+soft corrections largely cancel, leading to a small positive correction

of order ⇠ 15% (Fig. 18(a)). At large momentum, k/T

>⇠ 20, the LO and LO+NLO

curves cross and the NLO correction turns negative (Fig. 18(b)). We believe that the
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Figure 18. (a) The function, C(k/T ), parametrizing the photon emission rate for Nc = Nf = 3
and ↵s = 0.3 (see Eq. (6.8) and Eq. (2.9)). The full next to leading order function (CLO+NLO) is
a sum of the leading order result (CLO), a collinear correction (�Ccoll), and a soft+semi-collinear
correction (�Csoft+sc). The dashed curve labeled CLO + �Ccoll shows the result when only the
collinear correction is included, with the analogous notation for the CLO + �Csoft+sc curve. The
di↵erence between the dashed curves provides a uncertainty estimate for the NLO calculation. (b)
The same as (a) but for larger k/T . {plot_c_30_1}
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In Fig. 18, we start by plotting the function CLO+NLO(k/T ) for ↵s = 0.3 and Nc =

Nf = 3. In the phenomenologically interesting momentum range, k/T ⇠ 10, the collinear

and semi-collinear+soft corrections largely cancel, leading to a small positive correction

of order ⇠ 15% (Fig. 18(a)). At large momentum, k/T

>⇠ 20, the LO and LO+NLO

curves cross and the NLO correction turns negative (Fig. 18(b)). We believe that the
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Figure 19. The functions C(k/T ) for Nc = 3, Nf = 3 as in Fig. 18, but for ↵s = 0.05. {plot_c_5_1}
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Figure 20. (a) The di↵erential rate d��/dk relative to the leading order rate as a function of k/T
(or equivalently CLO+NLO/CLO). The full next to leading order rate (LO+NLO) is a sum of the
leading order rate (LO), a collinear correction (coll), and a soft+semi-collinear correction (soft+sc).
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large cancellations we observe are rather accidental, and one should thus consider the

curves CLO(k/T ) + �Ccoll(k/T ) and CLO(k/T ) + �Csoft+sc(k/T ) as upper and lower limits

respectively of an “uncertainty estimate” of the NLO calculation.

In Fig. 19 we plot CLO+NLO(k/T ) and CLO(k/T ) for ↵s = 0.05, and Nc = 3, Nf = 3.

For the smaller coupling constant the NLO correction is always negative and rather flat,

and the magnitude of the two largely canceling contributions is also significantly smaller

than in the previous case.
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For the smaller coupling constant the NLO correction is always negative and rather flat,

and the magnitude of the two largely canceling contributions is also significantly smaller

than in the previous case.

– 37 –



 0

 1

 2

 3

 4

 5

 1  2  3  4  5  6  7  8  9  10

C
(k

)

k/T

αs=0.05

CLO+ δCsoft+sc

CLO + δCcoll

CLO

CLO+NLO

 0

 2

 4

 6

 8

 10

 12

 10  20  30  40  50  60  70  80  90 100

C
(k

)

k/T

αs=0.05

CLO+ δCsoft+sc

CLO + δCcoll

CLO

CLO+NLO

Figure 19. The functions C(k/T ) for Nc = 3, Nf = 3 as in Fig. 18, but for ↵s = 0.05. {plot_c_5_1}

(L
O

+
N

L
O

) 
/ 

L
O

k/T

(LO + NLO)/LO

(LO + coll)/LO

(LO + soft+sc)/LO
αs=0.30

 0

 0.5

 1

 1.5

 2

 2  4  6  8  10  12  14

(L
O

+
N

L
O

) 
/ 

L
O

k/T

(LO + NLO)/LO

(LO + coll)/LO

(LO + soft+sc)/LO

αs=0.30

 0

 0.5

 1

 1.5

 2

 10  20  30  40  50  60  70  80  90

Figure 20. (a) The di↵erential rate d��/dk relative to the leading order rate as a function of k/T
(or equivalently CLO+NLO/CLO). The full next to leading order rate (LO+NLO) is a sum of the
leading order rate (LO), a collinear correction (coll), and a soft+semi-collinear correction (soft+sc).
The dashed curve labeled LO+coll shows the ratio of rates when only the collinear correction is
included, with the analogous notation for the LO+ soft+sc curve. The di↵erence between the
dashed curves provides a uncertainty estimate for the NLO calculation. (b) The same as (a) but
for larger k/T . {plot_ratio}

large cancellations we observe are rather accidental, and one should thus consider the

curves CLO(k/T ) + �Ccoll(k/T ) and CLO(k/T ) + �Csoft+sc(k/T ) as upper and lower limits

respectively of an “uncertainty estimate” of the NLO calculation.
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Figure 21. The di↵erential rate, d��/dk, relative to the leading order rate as described in Fig. 20,
but for ↵s = 0.05. {plot_ratio_05}

In Figs. 20 and 21 we plot the di↵erential photon emission rates d��/dk relative to the

leading order rate, (LO+ NLO)/LO, for two di↵erent values of the coupling constant. The

reasonable, but somewhat ad hoc, “uncertainty estimate” described above can be inferred

from the di↵erence between the upper and lower dashed curves, which include either the

collinear or the soft+semi-collinear correction, but not both.

For the largest coupling, ↵s = 0.3, NLO corrections are modest and positive, although

the “uncertainty band” is rather large – of order 50% (see Fig. 20). At intermediate

coupling, ↵s = 0.15, the cancellation between the collinear and semi-collinear+soft contri-

butions is quite dramatic, causing the LO+NLO result to be within a few percent of the

LO rate (not shown). Nevertheless, the uncertainty band remains rather large – of order

40%. Finally, at the smallest coupling ↵s = 0.05, the (LO+NLO)/LO ratio is somewhat

larger than at intermediate coupling, but with a considerably smaller uncertainty band

(Fig. 21).

7 Conclusions
{sec_concl}

We have computed the photon production rate to NLO of an equilibrated, weakly-coupled

quark-gluon plasma. The contributions to the LO rate can be divided into distinct kine-

matical regimes — the hard, soft and collinear regions. The contributions arising from the

hard and the soft regions have logarithmic sensitivity to the details of how the kinematical

regions are divided. However, this dependence cancels in the sum. At NLO the soft and

collinear regions receive O(g) corrections, and a new “semi-collinear” region starts to con-

tribute here. We have dealt with the collinear region in Sec. 3, with the soft region in 4,

and with the semi-collinear region in 5.

The collinear regime is a↵ected by the LPM interference of multiple scatterings through

the integral equation (3.1). As we showed, computations are most easily performed in

impact parameter space and the resulting O(g) perturbation to the LO result is given
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McGill-AMY-MARTINI at NLO
• Apply similar technologies to jet evolution and E-loss

• Start from effective Boltzmann-Fokker-Planck approach

AMY JHEP0301 (2003) Jeon Moore PRC71 (2005)

• 1↔2 and 2↔2 processes in the rates. The former a 
generalization of the collinear photon emission to 
gluons. The latter require HTL resummation. In both 
cases everything but the jet is in equilibrium

• LO rates implemented in MARTINI Schenke Gale Jeon 
PRC80 (2009)

Jet evolution at NLO

August 6, 2013

1 Basic approach

The idea is to compute the NLO corrections to the Fokker-Planck type equations developed in
[1] and later generalized to include elastic processes in [3].

Schematically the Fokker-Planck equation reads

dP (p)

dt

=

Z +1

�1
dk
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P (p+ k)
d�(p+ k, k)

dk

� P (p)
d�(p, k)

dk

◆

, (1) {fp}

where P (p) = dN(p)/dp. d�(p, k)/dk is the transition rate leading to an energy loss of k.
In more detail, let us start from the Boltzmann equation in [4], assuming only time and

energy dependence of the distribution function
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where the sum runs over the species bc(d) in the scattering/splitting event. P is the hard
momentum.1

In our case we need to consider the case where only one of these distributions is non-thermal,
whereas the other 2 or 3 are. In the loss terms the non-thermal distribution is f(p), whereas

1For clarity, here hard means p � T , thermal means k ⇠ T and soft k ⇠ gT .

1



NLO @ work
• Again, need to account for NLO corrections in  

collinear, semi-collinear  and soft regions

• The first two are rather straightforward generalizations 
of the photon case

• The latter requires some work.  In the soft limit 2↔2 
exchanges reduce to an energy-loss/momentum 
diffusion picture

                  

where the sum runs over the di↵erent species of incoming light partons, p, with momentum

q = |q|, and the distribution functions, f
p

, are the Bose–Einstein distribution nB(q) =

1/(exp(q0/T )� 1) for gluons and the Fermi–Dirac distribution nF(q) = 1/(exp(q0/T ) + 1)

for light quarks. The momentum qmin is the minimum incoming momentum necessary to

dissociate the bound state. The distribution functions are convoluted with �HQ
p

, a quantity

identified with the parton-heavy-quarkonium dissociation cross section in the medium.

In [26] and related literature, �HQ
p

has been approximated by 2�Q

p

, where �Q

p

is the cross

section of the zero-temperature process pQ ! pQ. Because this approximation neglects

bound-state e↵ects, it is called quasi-free.1 The scattering process pQ ! pQ receives

at leading order in perturbation theory contributions from the four diagrams shown in

figure 1; these were computed in [35]. It is the cross section computed in [35] that is

commonly used in eq. (2.1). Besides the distribution functions, additional thermal e↵ects

are usually added to (2.1) in the form of momentum-independent thermal masses a↵ecting

the dispersion relations and propagators of the light partons. Thermal masses also provide

a cut o↵ for the infrared divergences typically a↵ecting the forward scattering amplitude.

Figure 1. Tree level diagrams contributing to pQ ! pQ, where p is a parton and Q a heavy
quark. Thick lines stand for heavy quarks, curly lines for gluons and thin lines for light quarks.

Our purpose is to scrutinize eq. (2.1) and the quasi-free approximation in the light of

QCD at finite temperature. We start by making some general considerations about the

form of the dissociation formula. A quantitative treatment in a weak-coupling regime will

be developed in the next sections. The dissociation process we are considering happens

when partons in the thermal bath, i.e. partons with momentum and energy of the order

of the temperature, scatter o↵ the quarkonium and dissociate it by exchanging space-like

gluons. First, we observe that by performing the calculation in Coulomb gauge, we only

need to take into account transverse gluons, A
i

, as external gauge fields. The reason is

that in Coulomb gauge temporal gluons, A0, do not thermalize at the scale T ; moreover

their spectral density vanishes and hence they do not contribute to cut diagrams. The

Coulomb gauge is therefore a convenient gauge for the calculation, and we will adopt it

for the rest of the paper. Next, we assume that the heavy-quark mass is much larger

that the temperature: m � T . This implies that one can integrate out hard modes with

energy and momentum of order m from QCD neglecting thermal e↵ects, and replace QCD

by non-relativistic QCD (NRQCD) [42, 43] as the fundamental theory. In NRQCD, the

leading interaction between heavy quarks and gluon fields A
i

is encoded in dimension-five

operators; each of these interactions brings a suppression factor proportional to T/m. We

1 In the literature the dissociation mechanism, i.e. inelastic parton scattering, is sometimes called for

conciseness quasi-free dissociation, after the approximation used for its computation.
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The soft limit
• Soft limit of the Fokker-Planck equation

• Energy loss term dE/dt unknown to NLO

• Longitudinal momentum diffusion     unknown to NLO

• Transverse momentum diffusion    , known to LO and 
NLO

• Fluctuation-dissipation 
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Longitudinal momentum diffusion
• Field-theoretical lightcone definition

a
F+-=Ez, longitudinal Lorentz force correlator

• At leading order

• Not dominated by zero-mode, but by arcs. LO + NLO

a
a
LO analytical result also in Peigné Peshier PRD77 (2008)

• Implementation of these results in MARTINI is 
underway (Gervais JG Moore Schenke Teaney)
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For µNLO
? ! 0 Eq. (65) is recovered.

A Longitudinal momentum di↵usion at NLO
{app_nlo}

Some comments: I have not analyzed HTL vertices (the photon lesson should do) and I have not
explicitly checked the cancellation of the “Coulomb gauge poles” at p+ = p

�
/2± ip? (p2 = 0).

A.1 The rainbow diagram

P

Q

Figure 3: The rainbow diagram {fig_rainbow}
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where we have used the symmetries of the integrand to express the leading-order term as a �

function of q�.
We now inspect the second term, labeled s
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The p

� integration can be performed as before, yielding
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which goes like 1/(p+)2 and hence is irrelevant. This can be easily understood by noting that
the pinched poles in p

� force p

� ⇠ 1/p+, so that the factor of p�/p+ of this term with respect
to Eq. (77) behaves like 1/(p+)2.

Finally, we look at the Euclidean term, labeled e
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We need not go any further with its evaluation, at least for now.

A.2 The crossed self-energy

P

Q

Figure 4: The crossed rainbow diagram {fig_cross}
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P

Q

P +Q

Figure 5: The cat-eye diagram {fig_cateye}

A.3 The cat eye
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where I have defined the three-gluon vertex as
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where P,Q,K are all inflowing in the vertex, P is associated with a and µ and similarly for the
others. Taking the coordinate integration gives
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Let us look at the r/a structure of the propagators. Neglecting Lorentz indices the terms in
square brackets can be rewritten as
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The second term on the bottom line vanishes under the p

+ integration, as it is odd. Similarly,
the first term yields
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which vanishes, as the p

+ integration can only pick up the residue of the Coulomb gauge poles,
which is O(�Ep) and thus makes the q

+ integration vanish.
Finally, terms with p

� or p� + q

� at the numerator in Eq. (92) vanish again for the loss of
p

+ at the numerator and of a pinched pole at the denominator. The last term trivially vanishes.
The entire result is hence given by Eq. (97).

A.4 Self-energy diagrams

We analyze separately the two diagrams show in Fig. 6, the loop diagram on the left and the
tadpole diagram on the right.
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Figure 6: The loop diagram on the left and the tadpole diagram on the right. {fig_loop}

A.4.1 The loop diagram

The amplitude is labeled by s and reads
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Longitudinal momentum diffusion
• Field-theoretical lightcone definition

a
F+-=Ez, longitudinal Lorentz force correlator

• At leading order

• Not dominated by zero-mode, but by arcs. LO + NLO

a
a
LO analytical result also in Peigné Peshier PRD77 (2008)

• Implementation of these results in MARTINI is 
underway (Gervais JG Moore Schenke Teaney)
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For µNLO
? ! 0 Eq. (65) is recovered.

A Longitudinal momentum di↵usion at NLO
{app_nlo}

Some comments: I have not analyzed HTL vertices (the photon lesson should do) and I have not
explicitly checked the cancellation of the “Coulomb gauge poles” at p+ = p

�
/2± ip? (p2 = 0).

A.1 The rainbow diagram

P

Q

Figure 3: The rainbow diagram {fig_rainbow}
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where we have used the symmetries of the integrand to express the leading-order term as a �

function of q�.
We now inspect the second term, labeled s
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The p

� integration can be performed as before, yielding
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which goes like 1/(p+)2 and hence is irrelevant. This can be easily understood by noting that
the pinched poles in p

� force p

� ⇠ 1/p+, so that the factor of p�/p+ of this term with respect
to Eq. (77) behaves like 1/(p+)2.

Finally, we look at the Euclidean term, labeled e
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We need not go any further with its evaluation, at least for now.

A.2 The crossed self-energy

P

Q

Figure 4: The crossed rainbow diagram {fig_cross}
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Figure 5: The cat-eye diagram {fig_cateye}

A.3 The cat eye

The amplitude reads, with label c
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where I have defined the three-gluon vertex as
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where P,Q,K are all inflowing in the vertex, P is associated with a and µ and similarly for the
others. Taking the coordinate integration gives
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Let us look at the r/a structure of the propagators. Neglecting Lorentz indices the terms in
square brackets can be rewritten as
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which yields

q̂

L

�

�

�

�

(2)

c

= +ig

4
C

R

C

A

T

2

Z

CR

dq

+
dq

�
d

2
q?

(2⇡)4

Z

dp

+
d

2
p?

(2⇡)3
P

1

q

�
(q2? + q? · p?)

2(q+)3

⇥


⇢

��(�q

�
, p

+
, p?)

(q� � �Eq + i✏)(��Ep+q)
� ⇢

��(0, p+, p?)

(q� � �Eq + i✏)(q� � �Ep+q + i✏)

�

. (101)

The second term on the bottom line vanishes under the p

+ integration, as it is odd. Similarly,
the first term yields
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which vanishes, as the p

+ integration can only pick up the residue of the Coulomb gauge poles,
which is O(�Ep) and thus makes the q

+ integration vanish.
Finally, terms with p

� or p� + q

� at the numerator in Eq. (92) vanish again for the loss of
p

+ at the numerator and of a pinched pole at the denominator. The last term trivially vanishes.
The entire result is hence given by Eq. (97).

A.4 Self-energy diagrams

We analyze separately the two diagrams show in Fig. 6, the loop diagram on the left and the
tadpole diagram on the right.

P

Q

P +Q P

Q

Figure 6: The loop diagram on the left and the tadpole diagram on the right. {fig_loop}

A.4.1 The loop diagram

The amplitude is labeled by s and reads
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Conclusions

• The NLO contribution arises from three kinematical regions 
that are mutually sensitive to each other

• The result is given by two large and opposite contributions 
that largely cancel giving a relatively small NLO correction. Is 
the cancellation accidental? 

• In the phenomenologically interesting window up to  the 
NLO correction is 10%-20% for !s=0.3
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Conclusions
• On the lightcone, apparently complicated dynamical 

quantities factor into simpler light-cone condensates or 
operators, which are basically of two kinds

• Energy-dependent: thermal masses

• Energy-independent: correlators of the 3D theory

• The NLO-dynamical-calculation train has departed. Next 
stops:

• Jets

• Low invariant mass dileptons

• Transport coefficients



Backup



• The only transport coefficient known so far at NLO is the 
heavy quark momentum diffusion coefficient, which is defined 
through the noise-noise correlator in a Langevin formalism. 
In field theory it can be written as

NLO transport coefficients
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g2

3Nc

Z +⇥
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• The only transport coefficient known so far at NLO is the 
heavy quark momentum diffusion coefficient, which is defined 
through the noise-noise correlator in a Langevin formalism. 
In field theory it can be written as

• The NLO computation factors in the coefficient C, which 
turns out to be sizeable

Caron-Huot Moore PRL100, JHEP0802 (2008)

NLO transport coefficients

� =
g2
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that, to make the qualitative discussion here more precise, we will need to perform a careful

diagrammatic approach based on power counting. There is one common feature of the sources

for correction we have listed, however; all involve the influence of soft gluons. This observation

suggests that the calculation may be rephrased in terms of an effective theory of gT scale

physics, in which the hard scale ∼ T has been integrated out. This is precisely Braaten and

Pisarski’s HTL effective theory [10]. Carrying out a careful diagrammatic calculation within

this effective theory is the subject of the body of this paper; in the remainder of this section

we will present the results.

2.3 Results: QCD

The squared matrix elements for the processes of Fig. 1, summed over the initial and final

states of the light scattering targets and final states of the heavy quark, and averaged over

the initial states of the heavy quark, have been evaluated in [19], yielding

κLO ≡ g4CH

12π3
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k2dk

∫ 2k

0

q3dq

(q2 + m2
D)2

×
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
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Nc nB(k)(1+nB(k))

(

2 − q2

k2
+

q4

4k2

)

+Nf nF (k)(1−nF (k))

(

2 − q2

2k2

)

,
(2.4)

where CH = 4
3 in QCD is the quadratic Casimir of the heavy quark representation, and

mD =
√

1.5gT in QCD with Nf=3 flavors of light quarks. Formally taking mD & T , the

integral is dominated by k ∼ T and q in the logarithmic range mD
<∼ q <∼ T . The leading

behavior in g of Eq. (2.4) can be obtained from the leading behavior in m2
D/k2 of the q

integral. Making room for the next-to-leading order correction C, the result can be written:

κ=
CHg4T 3

18π

([

Nc+
Nf

2

][

ln
2T

mD

+ξ

]

+
Nf ln 2

2
+

NcmD

T
C + O(g2)

)

. (2.5)

Here ξ = 1
2 −γE + ζ′(2)

ζ(2) ' −0.64718. The leading order part of Eq. (2.5) was given explicitly in

[19] (it could also have been extracted from the nonrelativistic limit of earlier results [14,20].)

The dependence of the next-to-leading order correction on physical parameters is contained in

the coefficient multiplying C, which itself is a pure number: all of the above-mentioned next-

to-leading order corrections depend on physical parameters in the same way as an O(mD/T )

fraction of the gluon contribution to κLO.

Expression Eq. (2.4) itself contains O(g) corrections, giving rise to a rather trivial con-

tribution2 to C, C2→2 = 21
8π ' 0.8356. It arises wholly from the k ∼ gT region of the gluon

contribution to Eq. (2.4), where the result of the q integration is poorly described by the

leading term of its m2
D/k2 expansion, which was used to obtain the leading order behavior

Eq. (2.5). Although slightly tedious, the evaluation of C2→2 is entirely straightforward and we

do not present it here. In section 4 we compute the difference between the full next-to-leading

order momentum diffusion coefficient, and what is already incorporated in κLO, and obtain

C̃ ' 1.4946. Thus C ≡ C2→2 + C̃ ' 2.3302.

2In [15] this contribution was named CEq. (4).
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NLO transport coefficients
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Figure 3: Comparison of leading and NLO results for Nf = 3 QCD as a function of coupling.

Our result Eq. (2.5) is plotted in Fig. 3. A simple-minded estimate of the regime of

validity of perturbation theory can be given by equating the size of the correction to the size

of the leading-order result. What is usually referred to in the literature as being the leading

order result is Eq. (2.4), numerically integrated at a given value of the coupling (this is the

curve called “leading order” in Fig. 3): the correction becomes as large as this leading order

result when αs >∼ 0.04. This suggests that at that point perturbation theory starts to get into

trouble. For this reason, and as should be clearly suggested by the plot, we do not believe

that our calculation can be directly used as an “improvement” to the determination of κ in

the context of heavy ion collisions, where phenomenologically realistic values of the coupling

are in the range αs ∼ 0.3 − 0.5. Rather our results signal difficulties with the approach.

Nevertheless we would not like to sound overly pessimistic and conclude that our results

signal that no prediction beyond αs = 0.05 is possible. Rather, the real question now is how

large the higher order corrections are, and more pertinently, which parts of C may duplicate

themselves in higher-order terms, in some more or less predictable (and therefore resummable)

fashion.

Consider for instance the difference between the two lowest curves of Fig. 3, which is

attributable to C2→2, up to terms which are of yet higher order in the mD/T expansion of

Eq. (2.4). This contribution, which can be evaluated knowing only the tree-level matrix

elements with massless external states (and HTL corrections resummed on the exchanged

gluon), is better described as an “ambiguity” in the leading-order result rather than as a

correction to it. This ambiguity is large because the Coulomb scattering processes against

soft gluons (which give the small k contribution to Eq. (2.4)) are poorly described by the

leading term of an mD/T expansion. This is unrelated to the question of whether these

processes are correctly described by the right-hand side of κLO, which is the most pertinent
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Full LO results
• Numerically solving the implicit equation for the collinear region 

yields the full LO results for the thermal photon production rate

Arnold Moore Yaffe JHEP0112 (2001)

Result: Thermal Medium
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• For t/xz =0: equal time Euclidean correlators.
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The semi-collinear region
• Subtraction term from the collinear region

• Proper evaluation: replace

with

because !E~gT  is no longer negligible

• The latter object too can be evaluated in Euclidean spacetime

into Eq. (3.7) we obtain

Z
d

2
p?

(2⇡)2
2p? · f2(p?) = 8(p+)2

Z
d

2
q?d

2
p?

(2⇡)4
C(q?)

✓
p?

p

2
?+m

2
1

� p?+q?
(p?+q?)2 +m

2
1

◆2

.

(3.10)

In terms of p

+ scaling, we see that Eq. (3.2) gives (p+)2 times a p

+-independent

function. This cancels the (p+)�2 in the integrand in Eq. (3.8), so indeed the integrand in

Eq. (3.8) is independent of p+ at small p+. Since p

+ ⇠ gT represents O(g) of the phase

space of p+ values available, this region therefore represents an O(g) fraction of the photon

production rate, as claimed.

The region where p

++k is soft gives an identical contribution. Inserting 2f2 into

Eq. (3.8) we then get

d��

d

3
k

����
subtr.

soft

=
A(k)

(2⇡)3

Z +µ+

�µ+

dp

+ 8

T

Z
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q?

(2⇡)4
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2
D

q

2
?(q

2
? +m

2
D)

⇥
✓

p?
p

2
? +m

2
1

� p? + q?
(p?+q?)2 +m

2
1

◆2

, (3.11) {divergent_bit}

where we introduced a regulator gT ⌧ µ

+ ⌧ T for the linear divergence.

3.1.2 The semi-collinear fermion, collinear contribution {sub_coll_semicollin}
The semi-collinear region represents another O(g) contribution to the integral in Eq. (3.1).

As in the previous case, the approximations that lead to that equation are no longer valid

when P becomes semi-collinear (p? ! p
gT , p� ⇠ gT ). This limit is then incorrectly

described by Eq. (3.1) and, as in the previous subsection, we need to derive its limit in

order to subtract it from the semi-collinear region, where this momentum scaling will be

correctly treated.

We can again use Eq. (3.7), but now there is an additional simplification; p2? � m

2
1

and |p?| � |q?|. Therefore we can drop m

2
1 and work to lowest order in q?, which is

Z
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When plugged in Eq. (3.1), this yields
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The p? integration is power p? divergent and the q? integral is log UV divergent. This is

not surprising, since this expression was obtained based on q? ⌧ p?.
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The semi-collinear region

• Limits and divergences

↑                                   subtract the hard limit

↓               subtract the collinear limit  (                 ) 

↙                        IR log, combines with UV soft log (NLO log)

• Aside from the IR-log, the general behaviour of the P 
integration can only be obtained numerically.

K + P

K

P +Q

Q

P semi-collinear
Q soft

p? ! 0

p? ! 0 ^ p+ ! 0

p? � q?

p? ! 1 (�E ! 1)



The ra formalism
• Alternative to the “12” 

formulation of the real-time 
formalism. Define 

• The propagators become

• Graphical notation

Figure 3.1: The time path C for the real-time formalism. We call C1 the horizontal leg
from ti to �ti, C3 the vertical leg from �ti to �ti � i⇥, C2 the horizontal, backward leg
from �ti � i⇥ to ti � i⇥ and finally C4 the last leg from ti � i⇥ to ti � i�. It can be
shown that physical observables are independent of ⇥ as long as 0 < ⇥ < �. We will
choose ⇥ = 0+ throughout this chapter.

58

“1” fields

“2” fields

�r = (�1 + �2)/2

�a = �1 � �2

A convenient set of effective graphical rules which generate the real-time HTL theory is

given in section 5; these rules are essentially a graphical realization of the nonabelian Vlasov

equations (including, as well, Gaussian fluctuations in the particle distribution functions.)

We discuss the relationships between our results and previous work, and with the classical

plasma physics of a gas of point-like nonabelian charges, in section 6. Since our method of

analysis appears to shed little light on the structure of real-time perturbation theory when

soft fermions are involved, we leave the analysis of fermionic HTLs to future work.

2. The real-time formalism

The real-time formalism allows the description of the dynamical evolution of expectation

values within some initial state or density matrix (as opposed to “in-out” transition ampli-

tudes). The formalism is characterized by a doubling of the degrees of freedom: in addition

to the usual “φ1” fields which implement forward time evolution, one should path-integrate

over a second set of fields, “φ2”, which implement time evolution backward in time to some

initial time. We work in the so-called Keldysh r/a basis, obtained via the change of basis

φr = 1
2(φ1 + φ2) and φa = φ1 − φ2, and let the initial time at which the system’s density

matrix is defined go to −∞. For a review we refer the reader to [13]1.

Here we merely recall the rules of perturbation theory in this context. In thermal equi-

librium the propagator is a 2 × 2 matrix, which takes the form

G ≡

(

Grr Gra

Gar Gaa

)

=





(GR − GA)

(

1

2
± n(p0)

)

GR

GA 0



 , (2.1)

where n(p0) ≡ 1/(ep0/T ∓1) denote the standard Bose-Einstein and Fermi-Dirac distributions,

for bosons and fermions respectively. For a free scalar field, the retarded propagator GR would

be given as2 GR(P ) = −i/(P 2 + m2 − iεp0) in Fourier space. The general form (2.1) holds

nonperturbatively: the propagator is completely determined by GR. The chief reason for

using the r/a basis in this work is that Bose-Einstein distributions, which play a key role

when treating soft physics, appear in only one matrix element of the propagator, and are

therefore most conveniently managed.

To perform perturbative calculations, one must sum over the r/a assignments for all

internal legs in Feynman diagrams, subject to the restriction that the vertices carry an odd

number of a indices. The vertices having one a index coincide with the standard zero-

temperature ones, and those having three a indices are smaller by a factor 1/4. External

r and a fields in correlation functions carry distinct physical meaning: since the difference

field φa is analogous to an interaction term which would be added to the Hamiltonian, general

correlators of a and r fields may be understood in terms of the (retarded) nonlinear response

1Our r/a fields correspond to the 1/2 fields of the “physical representation” used by these authors.
2Our metric is (−+++), and following finite temperature conventions, we capitalize four-vectors but write

their components as lowercase.

– 2 –

a

a
r

a
ar

r

r a
r
ra

r
a

r
r

r
a

(a) (b)

Figure 1: Example of a Feynman diagram in the r/a formalism, with (a) explicit marking of r/a
indices and (b) our graphical notation. The propagators which carry arrows are retarded, and the cut
propagator is an rr propagator.

induced by the a fields on some correlator of r fields [13]. Correlators in which the a field has

the largest time argument vanish, φa(t) → 0 as t → ∞.

We graphically represent Feynman diagrams in the r/a formalism by drawing incoming

arrows on r fields which enter interaction vertices, and outgoing arrows on a fields. With

this notation, retarded and advanced propagators bear a single arrow, which points in the

direction of the flow of time. An rr propagator carries two outgoing arrows, which we separate

by a “cut”: we think of the cut as a place where the time flow can start. Sometimes we will

omit to draw the arrows on these propagators, which should create no confusion. The (tree-

level) interaction vertices all have an odd number of outgoing arrows. Our graphical notation

is illustrated in Fig. 1. Incidentally, this particular diagram yields zero, because it contains a

closed loop of retarded propagators.

3. Power counting

We consider (amputated) vertex functions in which all of the external legs are soft gauge

bosons; by soft we mean P ∼ gT and by hard we mean P ∼ T , for all components of P .

We recall that vertex functions having only one Keldysh a index, often called “fully retarded

functions”, correspond to a direct analytic continuation of the Euclidean vertex functions [14],

and that these HTL amplitudes are of parametric size g2T 4−n, where n is the number of

external legs [11, 15]. Amputated vertex functions with no external a index vanish, because

correlation functions involving only a fields vanish. There are no HTL amplitudes involving

external ghost fields [11], at least within the classes of covariant and Coulomb gauges, so

we will not consider diagrams with external ghost lines. We now show that loop amplitudes

with n external legs, na of which bearing Keldysh a indices, can only compete with the

above-mentioned HTL amplitudes if they are of parametric size g3−naT 4−n. Then we show

that no hard loop can be parametrically larger than gT 4−n, implying that vertex functions

with na ≥ 3 are not part of the HTL theory. We also show that the soft contribution to

one-loop amplitudes behaves like g4−naT 4−n and produces subleading effects relative to the

HTLs, although vertex functions with na ≥ 3 are soft-dominated, not hard-dominated. The

key ingredients entering our power-counting are summarized in Table 1.
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