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from the perspective of

 Lattice QCD
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Outline

2

deconfinement properties
 strange hadrons

 charmonia & bottomonia

transport properties
heavy quark diffusion coefficient & electrical conductivity

jet quenching parameter

electromagnetic properties 
thermal dilepton rate

thermal photon rate
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temperature required to form a QGP
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PHENIX: Phys.Rev.Lett.104:132301,2010

RHIC:  Tavg=221±19±19 MeV

LHC:  Tavg=304±51 MeV
ALICE: Nucl. Phys. A904-905 (2013) 573c

M. Wilde, Nucl. Phys. A904-905 (2013) 573c

Are these temperatures high 
enough to form 

a Quark Gluon Plasma ?
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HISQ/tree: quadratic in N-2

Asqtad: linear in N-2

HISQ/tree
Asqtad :Tc = 147(2)(3) MeV

Wuppertal-Budapest, ’10

Tc = 154(9) MeV

HotQCD, ’12

χψ̄ψ

∆l,s :Tc = 157(3)(3) MeV
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Deconfinement of hadrons carrying strangeness
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In HRG,  strange mesons and baryons follow Boltzmann statistics

T≲Tc strangeness carrying d.o.f. 
(sDoF) comes with integer baryon 

numbers
BNL-Bielefeld,  Phys.Rev. Lett. 111(2013)082301
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v1 = χBS
31 − χBS

11

In HRG, v1, v2 and χ2 -χ4 vanish B B

deconfinement of hadrons carrying 
strangeness seems to take place in 

the chiral crossover region

PHRG

S
(µ̂B , µ̂S) =PHRG

|S|=1,M cosh(µ̂S) +
3�

�=1

PHRG

|S|=�,B
cosh(µ̂B − �µ̂S)

above Tc sDoF comes with fractional 
baryon numbers

and behaviors like light quark d.o.f. 

χXY
mn =

∂(m+n)
�
p(µ̂X , µ̂Y )/T 4

�

∂µ̂m
X∂µ̂n

Y

���
�µ=0

v2 =
1

3
(χS

2 − χS
4 )− (2χBS

13 + 4χBS
22 + 2χBS

31 )

due to the integer baryon number
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Thermometer of QGP
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★  Dissociation of the quarkonia signals of the formation of QGP 
     [Matsui & Satz ’86]

★   Charmonium system     
★ potential models: ambiguity to define potential:  V=F? U? or ...

★ spectral functions from lattice QCD

★  Bottomonium system

★ spectral functions from effective theories, e.g. NRQCD on the lattice

★ potential models:  appropriate V from Wilson loop

See more in A. Mocsy’s talk today

★ screening masses from lattice QCD

★ screening masses from lattice QCD
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Meson correlation & spectral functions
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ρ(ω, �p) = D+(ω, �p)−D−(ω, �p) = 2 ImDR(ω, �p)

Meson properties are all enclosed in Spectral functions:

Euclidean temporal correlator

Spectral representation G(τ, �p) =

�
d3x e−i�p·�x D+(−iτ, �x)

GH(τ, T ) =
�

�x

�
JH(0,�0)J†

H
(τ, �x)

�

JH(τ, �x) = q̄(τ, �x)ΓH q(τ, �x)

Discretized in τ, O(10)

GH(τ, T )=

� ∞

0

dω

2π

cosh(ω(τ − 1/2T ))

sinh(ω/2T )
ρH(ω, T )

Continuous in ω, O(103)

✦ small lattice spacing & large volume:  a << 1/mQ & aNs >1/mH

✦certain techniques, e.g. Maximum Entropy Method, are needed to 
circumvent the ill-posed problem

✦ large number of points in the temporal direction, i.e. Nt , required

Difficulties on the lattice:
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Charmonium spectral functions
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spectral functions obtained using 
detailed Maximum Entropy Method 

analyses suggest that 
both S wave states (J/ψ and ηc) and P 

wave states (χc0 and χc1) melt
 at T≳1.5 Tc

HTD et al., Phys. Rev. D 86 (2012) 014509

Need to perform continuum 
extrapolation and take into account 

the dynamic light quarks

χc0

J/ψNt=96, 48,32,24 with Ns=128 
at T=0.73, 1.46, 2.20, 2.93 Tc

current state of the art calculation

lattice spacing a ~ 0.01 fm
a-1~19 GeV >> mc ~1.5 GeV 

so far the quenched calculations are most reliable
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Bottomonium system -- NRQCD
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Non-relativistic QCD:  Bodwin, Braaten, Lepage ’95

Lattice version of NRQCD:

Not applicable to calculate HQ diffusion as contribution 
from w<2M is absent

      expand L in v=|p|/M, correct up to O(v4)

calculation of correlator is an initial problem: no costly matrix 
inversion, no restriction by thermal boundary conditions

GH(τ, T )=

� ∞

0

dω

2π

cosh(ω(τ − 1/2T ))

sinh(ω/2T )
ρH(ω, T )

GH(τ)=

� ∞

−2M

dω�

2π
exp(−ω�τ) ρH(ω, T )NRQCD:

QCD:

match the coefficients in L assuming the hierarchy of scales

No continuum limit as aM is required to be small
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Bottomonium spectral functions from NRQCD
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G. Aarts et al., JHEP 1111(2011)103 

S wave states (Υ,ηb) remain up to 2Tc

P waves states(χb0, χb1) melt immediately above Tc?

Anisotropic, spatially coarse lattices: 
as/at=6,  as=0.162 fm, 1/at=7.35 GeV

G. Aarts et al., arXiv: 1310.5467
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Static quark potential
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Wilson loop: W (r, τ) =

� ∞

−∞
dω exp(−ωτ)σ(ω, r)

The position and width of σ are related to the real part and imaginary part 
of static quark potential  Rothkopf, Hatsuda, Sasaki ’12,  Burnier, Rothkopf ’13

Talk by P. Petreczky on Monday

Hard Thermal Loop inspired 2-parameter ansatz for σ(ω,r)

483x12 lattices, 
mπ≈160 MeV
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Static quark potential

10

Wilson loop: W (r, τ) =

� ∞

−∞
dω exp(−ωτ)σ(ω, r)

The position and width of σ are related to the real part and imaginary part 
of static quark potential  Rothkopf, Hatsuda, Sasaki ’12,  Burnier, Rothkopf ’13

Y. Burnier and A. Rothkopf, 1310.0645, lattice 2013

Improved Maximum Entropy Method to obtain σ(ω,r) 

mock 
data 
test 

Nt=16,  ΔD/D=10-2 Nt=32,  ΔD/D=10-4 Nt=128,  ΔD/D=10-5
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Static quark potential

10

Wilson loop: W (r, τ) =

� ∞

−∞
dω exp(−ωτ)σ(ω, r)

The position and width of σ are related to the real part and imaginary part 
of static quark potential  Rothkopf, Hatsuda, Sasaki ’12,  Burnier, Rothkopf ’13

Talk by P. Petreczky on Monday
Burnier, Rothkopf, arXiv:1310.0165

Re[V] from improved MEM

Re[V] from 2-parameter ansatz



/20

Spatial correlation function and screening mass
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• Spatial correlation functions:

G(z, �p⊥, pτ ) =
�

τ,x,y

exp(−ip̃ · x̃)
�
JH(0,�0)J†

H
(τ, �x)

�

• Relation to the spectral function

G(z, �p⊥, pτ ) =

� ∞

−∞

dpz
2π

exp(ipz z)

� ∞

0

dω

2π

2ω

ω2 + p2τ
ρ(ω, �p⊥, pz, pτ , T ).

• Spatial correlator G(z) decays exponentially with Esc at large distances 

At p=0, Esc gives the screening mass

E2
sc = �p2 +M2 +Π(�p, T )G(z) ∼ exp(−Esc z),

At p=0 and T=0, Esc gives the pole mass   

spatial extent is not limited by the temperature
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screening mass in quenched QCD

12H. Ohno, lattice 2013

Almost no modifications in S wave 
bottomonium states up to ~1.6Tc

Large modifications seen in S wave 
charmonium states at 1.6 Tc 1

 1.05

 1.1

 1.15

 1.2

 1.25

 0.8  0.9  1  1.1  1.2  1.3  1.4  1.5  1.6

M
sc

r(T
)/M

sc
r(T

=0
.8

0T
c)

T/Tc

mq=1.3GeV
mq=4.5GeV

 1

 1.05

 1.1

 1.15

 1.2

 1.25

 0.8  0.9  1  1.1  1.2  1.3  1.4  1.5  1.6

M
sc

r(T
)/M

sc
r(T

=0
.8

0T
c)

T/Tc

Mscr=2 ( T)2+mq
2charm,mV=3.117GeV

mV=3.459GeV
mV=3.835GeV
mV=4.578GeV
mV=5.992GeV

bottom,mV=9.478GeV

vector

 1

 1.05

 1.1

 1.15

 1.2

 1.25

 0.8  0.9  1  1.1  1.2  1.3  1.4  1.5  1.6

M
sc

r(T
)/M

sc
r(T

=0
.8

0T
c)

T/Tc

mq=1.3GeV
mq=4.5GeV

 1

 1.05

 1.1

 1.15

 1.2

 1.25

 0.8  0.9  1  1.1  1.2  1.3  1.4  1.5  1.6

M
sc

r(T
)/M

sc
r(T

=0
.8

0T
c)

T/Tc

Mscr=2 ( T)2+mq
2charm,mV=3.117GeV

mV=3.459GeV
mV=3.835GeV
mV=4.578GeV
mV=5.992GeV

bottom,mV=9.478GeV

pseudo scalar

M(T)/M(0.8Tc) isotropic, fine lattices
a=0.02 fm, Ns=96

Nt 48 32 28 24

T/Tc 0.8 1.2 1.4 1.6

consistent with results from 
the spectral function analysis
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screening masses in full QCD simulations

13Y. Maezawa, lattice 2013

ssbar states:  strong modifications at 
T~Tc ,consistent with dissociation of 
strange hadrons already at Tc

scbar states:  modifications clearly 
seen at T~Tc

M(T)/M(T=0)

quarkonia in full QCD bound 
longer than in quenched case ?

ccbar states: ηc and J/ψ almost no 
modification seen at T~Tc and small 
modifications up to 1.6Tc

consequences of slower screening effect ?
cross over v.s. 1st order transition
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heavy quark diffusion constant

14

Brownian motion of a heavy quark in the medium can be described using 
Langevin equation that needs HQ diffusion constant as an input

heavy quark diffusion D: D =
1

6χ00
lim
ω→0

ρV (ω, T )

ω

HTD et al., Phys. Rev. D 86 (2012) 014509

So far all the results are obtained in the quenched lattice QCD 

need to calculate HQ diffusion constant in the 
presence of dynamic light quarks

Moore &Teaney, PRC71 
(2005) 064904 

Francis et al., PoS 
LATTICE2011 (2011) 202 

Banerjee et al.,  PRD 85
(2012)014510 
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electrical conductivity 

15

Electrical conductivity σ σ

T
=

Cem

6
lim
ω→0

ρii(ω)

ωT

related to the soft photon emission rate and controls the 
evolution of magnetic fields

continuum extrapolated quenched lattice QCD results

σ/T seems to remains constant in the range [1.1,1.4]Tc

Marcel Müller, PhD thesis, 2013, Bielefeld University 
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strongly or weakly coupled QGP

16

Teaney, PRD74 (06) 045025 

Moore, Robert, hep-ph/0607172 

vector current spectral 
function in QCD at weak 

coupling 

vector current spectral 
function in N=4 SUSY 

at strong coupling

Quenched lattice QCD results favor a weakly coupled 
QGP at T≥1.1Tc
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Lattice results

Marcel Müller, PhD Thesis, 2013
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dilepton emission

17

Low mass low pt region 
enhancement of the dilepton 

yield@PHENIX

Quenched Lattice QCD results
continuum extrapolated

O. Kaczmarek, lattice 2013, 
HTD et al., PRD 83 (2011) 034504 

Not understood using 
phenomenological models 

PHENIX: Phys. Rev. C 81 (2010) 034911

dNl+l−

dωd3p
= Cem

α2
em

6π3

ρV (ω, �p, T )

(ω2 − �p2)(eω/T − 1)
Cem = e2

nf�

f=1

Q2
f
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dilepton emission

17

Low mass low pt region 
enhancement of the dilepton 

yield@PHENIX

Quenched Lattice QCD results
continuum extrapolated

O. Kaczmarek, lattice 2013, 
HTD et al., PRD 83 (2011) 034504 

Not understood using 
phenomenological models 

dNl+l−

dωd3p
= Cem

α2
em

6π3

ρV (ω, �p, T )

(ω2 − �p2)(eω/T − 1)
Cem = e2

nf�

f=1

Q2
f

considerable contribution 
from light sea quarks ?

need full QCD simulation

0 0.2 0.4 0.6 0.8 1 1.2
Mee [GeV]

10-7

10-6

10-5

10-4

(d
N

ee
/d

M
) /

 (d
N

ch
/d

y)
  [

G
eV

-1
]

vac had SF
in-med had SF
LO QGP
LO QGP + HTL
lat QGP + finite q
lat QGP +  rate
lat QGP+finite-q+Nf=1.5

Dilepton Spectra in central Au-Au (s1/2=200AGeV)

QGP

Hadronic Matter

|ye|<0.35 ,  pt
e>0.2GeV

Rapp, arXiv:1010.1719

Small temperature dependence
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thermal photon emission

18

van Hees, Gale & Rapp, Phys.Rev. C84 (2011) 054906

M. Wilde, Nucl. Phys. A904-905 (2013) 573c

PHENIX: Phys.Rev.Lett.104:132301,2010

RHIC:  Tavg=221±19±19 MeV

LHC:  Tavg=304±51 MeV

direct photons are produced in 
the early stage of the evolution

...but a large photon flow 

ALICE: Nucl. Phys. A904-905 (2013) 573c

From photon emission rate:
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thermal photon emission

18

van Hees, Gale & Rapp, Phys.Rev. C84 (2011) 054906

M. Wilde, Nucl. Phys. A904-905 (2013) 573c

No lattice QCD results on 
thermal photon emission rate yet!

on shell photon rather than 
virtual photon as dileptons
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ω
dRγ

d3p
= Cem

αem

4π2

ρT (ω = |�p|, T )
exp(ω/T )− 1
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towards the understanding of jet transport

19See Marco Panero’s talk on Monday

quark and gluon fields are separated along the light cone

• EQCD: include soft modes, match to NLO pQCD at high T

• Tilt the parton into space-like or boost to the rest frame 
of the probe   Ji ’13, Majumder ‘13

q̂NLO

EQCD ∼ 0.47g6E

q̂NP
EQCD ∼ 0.55g6E

Caron-Huot ’08, Laine, Rothkopf ’13, Panero, Rummukainen Schäfer, ’13 
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towards the understanding of jet transport

19See Marco Panero’s talk on Monday

quark and gluon fields are separated along the light cone

• EQCD: include soft modes, match to NLO pQCD at high T

• Tilt the parton into space-like or boost to the rest frame 
of the probe   Ji ’13, Majumder ‘13

q̂NLO

EQCD ∼ 0.47g6E

q̂NP
EQCD ∼ 0.55g6E

Bazavov, HTD et al., arXiv: 1309.2317

Caron-Huot ’08, Laine, Rothkopf ’13, Panero, Rummukainen Schäfer, ’13 
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Summary 

20

deconfinement properties
strange hadrons: dissociated in the chiral crossover region

charmonia:  dissociated at T>1.5Tc from quenched lQCD

bottomonia: S wave: Td~2Tc from NRQCD

static quark V:  progress made to extract both Im and Re parts

transport properties 
heavy quark diffusion constant: quenched results w/o continuum 
extrapolation

electrical conductivity: increases linearly in T from 1.1 to 1.4Tc in 
pure glue, moving forward to reliable full QCD results

jet quenching parameters: first promising attempts on the lattice

electromagnetic properties 
thermal dilepton rate: almost unchanged from 1.1 to 1.4Tc in pure 
glue

thermal photon rate : first results from lattice QCD in progress


